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ËÎÃÈÑÒÈ×ÅÑÊÎÅ ÓÐÀÂÍÅÍÈÅ

Â 1976 ãîäó Ð. Ìýé [1] íàñòîÿòåëü-
íî ðåêîìåíäîâàë, ÷òîáû çíàêîìñòâî ñ ëî-
ãèñòè÷åñêèì óðàâíåíèåì ïðîèñõîäèëî íà
ðàííåé ñòàäèè ìàòåìàòè÷åñêîãî îáðàçî-
âàíèÿ. Ïðàâäà òîãäà òîëüêî êàëüêóëÿòîðû
áûëè äîñòóïíû øèðîêîé ïóáëèêå.

Òåïåðü æå, èìåÿ èçîùðåííûå ïðî-
ãðàììíûå ñðåäñòâà, ìû ìîæåì èññëåäî-
âàòü ýòî óðàâíåíèå. Ëîãèñòè÷åñêîå óðàâ-
íåíèå (1), íàçâàííîå òàê Verhulst�îì â 40-õ
ãîäàõ 19-ãî âåêà [3] ïðåäñòàâëÿåò ñîáîé
ìîäåëü èçìåíåíèÿ ÷èñëåííîñòè ïîïóëÿöèè,
ãäå pn � îòíîñèòåëüíàÿ âåëè÷èíà ïîïóëÿ-
öèè pn = Pn/N, à Pn � àáñîëþòíàÿ âåëè÷èíà

Â íàñòîÿùåé ñòàòüå ðàññìàòðèâàþòñÿ ñïîñîáû èçîáðàæåíèÿ ìíîæåñòâ ñ ïîìî-
ùüþ ðàçëè÷íûõ ïðîãðàììíûõ ñðåäñòâ. Ñíà÷àëà ìû èçó÷àåì ëîãèñòè÷åñêîå óðàâíåíèå,
èñïîëüçóÿ ñîâðåìåííûå ñðåäñòâà óïðàâëåíèÿ ðàáî÷èì ëèñòîì (Excel worksheet) � «äâèæ-
êè» è ìàêðîñû, óïðàâëÿåìûå êíîïêàìè. Çàòåì òå æå ñðåäñòâà ïðèìåíÿþòñÿ ê ìíîæå-
ñòâàì Ìàíäåëüáðîòà è â çàêëþ÷åíèå ðàññìàòðèâàþòñÿ îáðàçû ìíîæåñòâ Ìàíäåëüáðî-
òà è Æþëèà, ïîëó÷åííûå ñ âûñîêèì ðàçðåøåíèåì áëàãîäàðÿ èñïîëüçîâàíèþ ìåíåå èçâåñ-
òíûõ, íî ãîðàçäî áîëåå ýôôåêòèâíûõ àëãîðèòìîâ.

ïîïóëÿöèè ê ìîìåíòó n è N � ìàêñèìàëü-
íàÿ ïîïóëÿöèÿ. Ð. Ìýé èñïîëüçîâàë ýêâè-
âàëåíòíóþ ìîäåëü (2), ãäå À � êîíñòàíòà.

)p(prpp nnnn −⋅+=+ 11
(1)

)x(xAx nnn −⋅=+ 11
(2)

Ñóùåñòâóåò îáøèðíàÿ ëèòåðàòóðà,
ïîñâÿùåííàÿ ïîâåäåíèþ ýòîé ìîäåëè
(Peitgen et al, 1992). Ìû ïðåäëàãàåì çäåñü
òðè ìåòîäà, èñïîëüçóþùèõ ðàáî÷èé ëèñò
Excel�à. Çàèíòåðåñîâàâøèåñÿ ìîãóò èñ-
ïîëüçîâàòü ýòè ìåòîäû äëÿ ñàìîñòîÿòåëü-
íîãî èçó÷åíèÿ ìîäåëè.

ÌÎÄÅËÈÐÎÂÀÍÈÅ Â EXCEL

Ïðè îòêðûòèè ðàáî÷åãî ëèñòà Excel�à
ñ èìåíåì logisticterms
(Miller, 2001) ïîäñ÷èòûâàþò-
ñÿ 500 èòåðàöèé óðàâíåíèÿ
(2) è äåìîíñòðèðóåòñÿ ãðà-
ôèê çàâèñèìîñòè ìåæäó xn
è n. Çíà÷åíèå ïàðàìåòðà À
ñâÿçàíî ñ äâèæêîì è ìî-
æåò ìåíÿòüñÿ îò 0 äî 4 ñ
øàãîì 0.001. Äðóãîé äâè-
æîê ñâÿçàí ñ íà÷àëüíûì
çíà÷åíèåì õ0, êîòîðîå ìå-
íÿåòñÿ îò 0 äî 1 ñ øàãîì
0.001. Êíîïêà, ñâÿçàííàÿ
ñ ìàêðîñîì, ïîçâîëÿåò
ïîëüçîâàòåëþ óâèäåòü áîëü-
øå èòåðàöèé, ñãðóïïèðî-
âàííûõ ïî 500, è òåì ñà-
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Äèàãðàììà 2. Öèêë ñ ïåðè-
îäîì 7 ïðè À = 3.702.

Äèàãðàììà 1. Õàîòè÷åñêîå
ïîâåäåíèå ïðè À = 3.701.
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ìûì óâèäåòü, ñòàáèëèçèðó-
þòñÿ ëè èòåðàöèè ïðè áîëü-
øèõ çíà÷åíèÿõ n. Òàêèì
îáðàçîì ìîæíî èçó÷àòü ïî-
âåäåíèå ìîäåëè ïðè ðàçíûõ
çíà÷åíèÿõ À è õ0. Äèàãðàì-
ìû 1 è 2 ïîêàçûâàþò ýô-
ôåêò èçìåíåíèÿ À îò 3.701
äî 3.702 (õ0 = 0.5)

Ðàáî÷èé ëèñò Excel�à
ñ èìåíåì logisticcobweb
(Miller, 2001) ïðåäñòàâëÿ-
åò òå æå ðåçóëüòàòû â äðó-
ãîé ôîðìå � â ôîðìå ïàó-
òèíîîáðàçíîé äèàãðàììû. Çäåñü ñòðîÿòñÿ
ãðàôèêè y = Ax(1�x) è y = x, à òàêæå îò-
ìå÷àþòñÿ è îáúåäèíÿþòñÿ òî÷êè (xn, xn+1),
(xn+1, xn+1), n = 0,1,2,... Ýòî ïðèäàåò äèàã-
ðàììå âèä ïàóòèíû.

Ðàáî÷èé ëèñò Excel�à ñ èìåíåì
logisticconsecutive (Miller, 2001) äåìîíñò-
ðèðóåò òðåòèé ñïîñîá ïðåäñòàâëåíèÿ ðå-
çóëüòàòîâ. Òå æå ðåçóëüòàòû ïîêàçàíû íà
äèàãðàììàõ 5 è 6.

ÌÍÎÆÅÑÒÂÎ ÌÀÍÄÅËÜÁÐÎÒÀ

Ìíîæåñòâî Ìàíäåëüáðîòà áûëî îò-
êðûòî òîëüêî â 1982 è ñ òåõ ïîð èçîáðà-
æåíèÿ ñàìîãî ìíîæåñòâà, åãî ÷àñòåé è
ñâÿçàííîãî ñ íèì ìíîæåñòâà Æþëèà ñòà-
ëè âåñüìà ïîïóëÿðíû.

Ìíîæåñòâî Ìàíäåëüáðîòà îïðåäåëÿ-
åòñÿ ñ ïîìîùüþ ôóíêöèè f(z,c) = z2 + c,
ãäå z è ñ � êîìïëåêñíûå ÷èñëà.

Åñëè z = zr+izi è ñ = ñr+iñi, òî

)2()(),(
22

iirrir czziczzczf +++−= (3)
Ïîñëåäîâàòåëüíîñòü (îðáèòà) çíà÷å-

íèé z ïîëó÷àåòñÿ ïîñðåä-
ñòâîì èòåðàöèé

z1 = f(z0, c), z2 = f(z1,
c), ...,

zn = f(zn-1, c), ...
Î÷åâèäíî, îðáèòà çà-

âèñèò îò íà÷àëüíîãî çíà÷åíèÿ
z0 è îò çíà÷åíèÿ êîíñòàíòû ñ.
Ïðè ýòîì îáíàðóæèâàþòñÿ äâà
ÿâëåíèÿ. Ëèáî zn ñòðåìèòñÿ ê
áåñêîíå÷íîñòè (îáû÷íî ñ
áîëüøîé ñêîðîñòüþ), ëèáî
ñòðåìèòñÿ ê ôèêñèðîâàííî-

ìó ÷èñëó èëè ê ïðåäåëüíîìó öèêëó, ñîñòîÿ-
ùåìó èç êîíå÷íîãî ÷èñëà òî÷åê.

Ìíîæåñòâî Ìàíäåëüáðîòà � ýòî ìíî-
æåñòâî òåõ çíà÷åíèé ñ, äëÿ êîòîðûõ ïðè
z0 = 0 ïîñëåäîâàòåëüíîñòü zn íå ñòðåìèòñÿ
ê áåñêîíå÷íîñòè. Èñïîëüçóÿ âîçìîæíîñ-
òè Excel�à, ìîæíî èçîáðàçèòü ëþáóþ ÷àñòü
ìíîæåñòâà Ìàíäåëüáðîòà. Íà äèàãðàììå
7 ïîêàçàí ðàáî÷èé ëèñò «êâàäðàò», ñîñòî-
ÿùèé èç 441 êâàäðàòíîé ÿ÷åéêè, ãäå êàæ-
äûé êâàäðàò ïðåäñòàâëÿåò òî÷êó êîìïëåê-
ñíîé ïëîñêîñòè. Èñõîäíàÿ îáëàñòü âêëþ-
÷àåò ìíîæåñòâî Ìàíäåëüáðîòà, ãäå zr èç-
ìåíÿåòñÿ îò �1.5 äî 0.5, à zi � îò �1 äî 1.
Æåëòûé (ñâåòëî-ñåðûé) êâàäðàò ïðåäñòàâ-
ëÿåò ÷èñëî �0.1+0.9i, ÷åðíûé � 0+0i, à
êðàñíûé (òåìíî-ñåðûé) � 0.5+i.

Ïðèìåíèì èòåðàöèè, ïîëîæèâ
ñ = 0.5+i. Òàáëèöà 1 ïîêàçûâàåò, ÷òî ìîäóëü
z ïðåâîñõîäèò 5000 ïîñëå 6 èòåðàöèé.

Íà ðàáî÷åì ëèñòå ïîäñ÷èòûâàþòñÿ
50 èòåðàöèé äëÿ êàæäîé òî÷êè èç çàäàí-
íîãî äèàïàçîíà è îïðåäåëÿåòñÿ ÷èñëî èòå-
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ðàöèé, ïðè êîòîðîì ìîäóëü z ïðåâçîéäåò
çàäàííîå ÷èñëî (çäåñü 5000). Ïðåäïîëàãà-
åòñÿ, ÷òî åñëè ýòî íå ïðîèçîéäåò çà 50
èòåðàöèé, òî íå ïðîèçîéäåò è ïðè áîëü-
øåì ÷èñëå èòåðàöèé. ×èñëà 50 è 5000
âûáðàíû ïðîèçâîëüíî. Ðåçóëüòàòû ðàñ÷å-
òîâ ñ ýòèìè ïàðàìåòðàìè ïðèâåäåíû íà
äèàãðàììå 8.

Äëÿ ðàñêðàñêè äèàãðàììû 8 èñïîëü-
çîâàíû 4 öâåòà (â ñòàòüå � îòòåíêè ñåðî-
ãî). Òî÷êè ìíîæåñòâà Ìàíäåëüáðîòà îê-
ðàøåíû ÷åðíûì öâåòîì. Òî÷êè, äëÿ êîòî-
ðûõ ðàñõîäèìîñòü (zn>5000) îáíàðóæè-
âàåòñÿ ïðè n<17, âûêðàøåíû êðàñíûì (òåì-
íî-ñåðûì); åñëè æå ýòî ïðîèñõîäèò ïðè
17≤n≤33 èëè 34≤n≤49, òî � æåëòûì (ñâåò-
ëî-ñåðûì) èëè áåëûì, ñîîòâåòñòâåííî. Âû-
áîð 4-õ öâåòîâ ñâÿçàí ñî ñâîéñòâîì ðàáî-
÷åãî ëèñòà (Microsoft Excel 97), êîòîðîå
ïîçâîëÿåò ñâÿçûâàòü öâåò îòäåëüíîé ÿ÷åé-
êè ñ âûïîëíåíèåì îïðåäåëåííûõ óñëîâèé
(òàêèõ óñëîâèé ìîæåò áûòü òîëüêî 3, ÷òî
äàåò 4 öâåòà).

ÈÇÎÁÐÀÆÅÍÈß
Ñ ÂÛÑÎÊÈÌ ÐÀÇÐÅØÅÍÈÅÌ

Íàèáîëåå ðàñïðîñòðàíåííûå «ñòàí-
äàðòíûå» àëãîðèòìû
ïîñòðîåíèÿ îáðàçîâ
ìíîæåñòâà Ìàíäåëü-
áðîòà ïëîõî ðàáîòà-
þò ïðè áîëüøèõ óâå-
ëè÷åíèÿõ, íåîáõîäè-
ìûõ äëÿ äåìîíñòðà-
öèè ñàìûõ èíòðèãó-
þùèõ ÿâëåíèé, ñâÿ-
çàííûõ ñ òàêèìè
ìíîæåñòâàìè. Çäåñü

ìû ïðåäñòàâëÿåì ïðîãðàììó, ðåàëèçóþùóþ
ìåíåå èçâåñòíûé, íî ãîðàçäî áîëåå ýô-
ôåêòèâíûé àëãîðèòì.

Ìíîæåñòâî Ìàíäåëüáðîòà � ýòî ìíî-
æåñòâî çíà÷åíèé ñ, äëÿ êîòîðûõ ïîñëåäî-
âàòåëüíîñòü èòåðàöèé zn íå ðàñõîäèòñÿ ïðè
z0 = 0. Ìíîæåñòâî Æþëèà äëÿ çàäàííîãî
ïàðàìåòðà ñ � ýòî ìíîæåñòâî òåõ z0, ïðè
êîòîðûõ ïîñëåäîâàòåëüíîñòü èòåðàöèé zn
íå ðàñõîäèòñÿ. Òàêèì îáðàçîì ñóùåñòâó-
åò òîëüêî îäíî ìíîæåñòâî Ìàíäåëüáðîòà
è áåñêîíå÷íî ìíîãî ìíîæåñòâ Æþëèà. Ñ
ýòèìè ïðîñòûìè îïðåäåëåíèÿìè ñâÿçàíî
áîëüøîå êîëè÷åñòâî èíòåðåñíåéøèõ ÿâ-
ëåíèé, êîòîðûõ ìû ëèøü ñëåãêà êàñàåìñÿ
â äàííîé ñòàòüå.

×òîáû ñîçäàòü èçîáðàæåíèå îäíîãî
èç ýòèõ ìíîæåñòâ, íóæíî óñòàíîâèòü ñî-
îòâåòñòâèå ìåæäó ìàññèâîì ïèêñåëåé íà
ýêðàíå êîìïüþòåðà è ìíîæåñòâîì êîìï-
ëåêñíûõ ÷èñåë z. Óñëîâèìñÿ, ÷òî õ-êîîð-
äèíàòà íà ýêðàíå ïðåäñòàâëÿåò âåùåñòâåí-
íóþ ÷àñòü ÷èñëà z, à y-êîîðäèíàòà � ìíè-
ìóþ ÷àñòü. Ñîîòâåòñòâóþùèé ïðîãðàììíûé
êîä äëÿ ñðåäû ïðîãðàììèðîâàíèÿ Visual
Basic 5 ïðèâåäåí â ëèñòèíãå 1. Â äðóãèõ
ñðåäàõ ìîãóò áûòü îòëè÷èÿ â äåòàëÿõ, íî
ïðèíöèïû ñîõðàíÿþòñÿ.

Ïåðâàÿ ñåêöèÿ ëèñòèíãà ñîäåðæèò
îáúÿâëåíèÿ ïåðåìåííûõ. Òå, ÷òî ó÷àñòâó-
þò â èòåðàöèÿõ, îáúÿâëåíû êàê Double äëÿ
ñîõðàíåíèÿ òî÷íîñòè, èíà÷å èçîáðàæåíèÿ
ìîãóò ïîòåðÿòü äåòàëè ïðè áîëüøîì óâå-
ëè÷åíèè. Ïîäïðîãðàììà Form_Load èãðà-

Òàáëèöà 1

¹ zr zi z 
èòåðàöèè

0 0 0 0
1 0.5 1 1.12
2 �0.25 2 2.02
3 �3.44 0 3.44
4 12.32 1 12.36
5 151.19 25.63 153.35
6 22203.04 7752.05 23517.43

4 5 5 5 5 5 5 5 6 6 6 7 7 10 12 48 7 6 6 5 5

5 5 5 5 5 5 5 6 6 6 7 7 9 11 26 10 7 6 6 6 5

5 5 5 5 5 6 6 6 7 7 8 8 11 50 50 20 8 7 7 6 6

5 5 5 6 6 6 6 7 7 10 11 11 12 50 50 15 11 9 9 8 6

5 6 6 6 6 7 7 7 8 14 50 28 50 50 50 50 50 14 17 17 7

6 6 7 7 7 7 8 8 10 14 50 50 50 50 50 50 50 50 50 9 7

6 7 9 9 9 9 9 10 13 50 50 50 50 50 50 50 50 50 50 12 8

7 8 9 18 14 38 13 12 26 50 50 50 50 50 50 50 50 50 50 17 8

8 9 11 21 50 50 50 18 50 50 50 50 50 50 50 50 50 50 50 34 7

9 14 16 50 50 50 50 50 50 50 50 50 50 50 50 50 50 50 50 10 7

50 50 50 50 50 50 50 50 50 50 50 50 50 50 50 50 50 50 15 9 7

9 14 16 50 50 50 50 50 50 50 50 50 50 50 50 50 50 50 50 10 7

8 9 11 21 50 50 50 18 50 50 50 50 50 50 50 50 50 50 50 34 7

7 8 9 18 14 38 13 12 26 50 50 50 50 50 50 50 50 50 50 17 8

6 7 9 9 9 9 9 10 13 50 50 50 50 50 50 50 50 50 50 12 8

6 6 7 7 7 7 8 8 10 14 50 50 50 50 50 50 50 50 50 9 7

5 6 6 6 6 7 7 7 8 14 50 28 50 50 50 50 50 14 17 17 7

5 5 5 6 6 6 6 7 7 10 11 11 12 50 50 15 11 9 9 8 6

5 5 5 5 5 6 6 6 7 7 8 8 11 50 50 20 8 7 7 6 6

5 5 5 5 5 5 5 6 6 6 7 7 9 11 26 10 7 6 6 6 5

4 5 5 5 5 5 5 5 6 6 6 7 7 10 12 45 7 6 6 5 5

Äèàãðàììà 7 Äèàãðàììà 8
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åò ðîëü ãîëîâíîé ïðîãðàììû. Ïîäïðîãðàì-
ìà SetScreen èíèöèàëèçèðóåò ýêðàí Visual
Basic�a ñ íà÷àëîì êîîðäèíàò â ëåâîì íèæ-
íåì óãëó è êîîðäèíàòàìè ïèêñåëåé â äèà-
ïàçîíå îò 0 äî srange. Ïîäïðîãðàììà
SetFractal èíèöèàëèçèðóåò ïåðåìåííûå,
ñâÿçàííûå ñ ñîçäàâàåìûì èçîáðàæåíèåì:
zrmid, zimid è zrange îïèñûâàþò ïðÿìîó-
ãîëüíèê íà êîìïëåêñíîé ïëîñêîñòè, ñîîò-
âåòñòâóþùèé ýêðàíó, à palno îïðåäåëÿåò
èñïîëüçóåìóþ ðàñêðàñêó. Îñòàëüíûå ïåðå-
ìåííûå áóäóò èñïîëüçîâàíû ïîçæå. Ïîä-
ïðîãðàììà SetColours ñîõðàíÿåò â ìàññèâå
palcol() öâåòà, êîòîðûå áóäóò èñïîëüçîâàíû
äëÿ îêðàñêè ðàçíûõ ÷àñòåé îáðàçà.

Îñòàëüíûå êîðîòêèå ôóíêöèè è ïîä-
ïðîãðàììû:
� NotPlottedYet ïðîâåðÿåò, áûë ëè èçìå-
íåí öâåò ïèêñåëÿ ïî ñðàâíåíèþ ñ íà÷àëü-
íûì; òàêàÿ ïðîâåðêà óïðîùàåò äàëüíåé-
øóþ ðàáîòó ñ ìàññèâîì ïèêñåëåé;
� PlotPixel îêðàøèâàåò ïèêñåëü;
� CheckForStop íåîáõîäèìà â ìíîãîçà-
äà÷íîé ñðåäå Windows, ÷òîáû èìåòü âîç-
ìîæíîñòü ïðåðâàòü ðàáîòó ïðîãðàììû,
êîãäà ïðèõîäèòñÿ äîñòàòî÷íî äîëãî æäàòü
çàâåðøåíèÿ ðàáîòû; ïîäïðîãðàììà
StopButton ðåàëèçóåò ýòîò ñòîï-ñèãíàë.

Ïîäïðîãðàììà Form_Load ïðîñìàò-
ðèâàåò âñå ïèêñåëè, ïðåîáðàçóÿ ýêðàííûå
êîîðäèíàòû â êîîðäèíàòû êîìïëåêñíîé
ïëîñêîñòè, è çàòåì âûçûâàåò ïîäïðîãðàì-
ìó ComputeColour, êîòîðàÿ âûïîëíÿåò
ìàòåìàòè÷åñêèå ïðåîáðàçîâàíèÿ. Òàêèì
îáðàçîì Form_Load ìîæíî ðàññìàòðèâàòü
êàê ñêåëåò ëþáîé ïðîãðàììû, ðèñóþùåé
ôðàêòàëû ðàçëè÷íûõ òèïîâ. Íóæíî òîëü-
êî âíåñòè ñîîòâåòñòâóþùèå èçìåíåíèÿ â
ComputeColour. Ïîëüçîâàòåëü ìîæåò óâè-
äåòü ïî÷òè ñ ïåðâûõ øàãîâ, êàê áóäåò âûã-
ëÿäåòü èçîáðàæåíèå. Îíî âû÷èñëÿåòñÿ ñ
äâîéíûì ðàçðåøåíèåì, îïðåäåëÿåìûì ïå-
ðåìåííîé s.

Ìàòåìàòè÷åñêàÿ ÷àñòü çàäà÷è âûïîë-
íÿåòñÿ â ComputeColour. Çäåñü ýêðàí
ïðåäñòàâëÿåò ÷àñòü êîìïëåêñíîé ïëîñêî-
ñòè ïàðàìåòðà ñ. ×èñëà zn = f(zn-1, c), n = 1,
2, 3, ..., z0 = 0, ïîëó÷åííûå èç óðàâíåíèÿ
(3) õðàíÿòñÿ â ìàññèâàõ zrorb() è ziorb()
(äëÿ ñòàíäàðòíîãî àëãîðèòìà ýòî íå ÿâëÿ-

åòñÿ íåîáõîäèìûì). Öèêë Do loop ðàáî-
òàåò, ïîêà ëèáî ÷èñëî èòåðàöèé, ëèáî ìî-
äóëü zn íå ïðåâûñÿò çàäàííûõ ãðàíèö. Â
ïåðâîì ñëó÷àå ñ ïðèíàäëåæèò ìíîæåñòâó
Ìàíäåëüáðîòà, è òî÷êà îêðàøèâàåòñÿ îä-
íèì öâåòîì (îáû÷íî ÷åðíûì), à âî âòî-
ðîì � íå ïðèíàäëåæèò è îêðàøèâàåòñÿ
äðóãèì öâåòîì. Â ïðîñòåéøåì âàðèàíòå
(palno = 1) âñå òî÷êè, íå ïðèíàäëåæàùèå
ìíîæåñòâó Ìàíäåëüáðîòà, îêðàøåíû îä-
íèì öâåòîì. Îäíàêî, êàê áóäåò ïîêàçàíî
äàëåå, öåëåñîîáðàçíåé ñäåëàòü öâåò çàâè-
ñÿùèì îò ÷èñëà èòåðàöèé, ïðîäåëàííûõ
äî òîãî, êàê äîñòèãíóòî ïðåäåëüíîå çíà-
÷åíèå ìîäóëÿ zn (maxmodzsq). Ýòî ïðèâî-
äèò ê ïîÿâëåíèþ ìíîæåñòâà öâåòíûõ êîí-
òóðîâ âîêðóã ìíîæåñòâà Ìàíäåëüáðîòà.
Ïðîñòåéøèé âûáîð � ÷åðåäîâàíèå öâåòîâ
êîíòóðîâ (ðèñóíîê 1).

Âûáîð ïðåäåëüíîãî ÷èñëà èòåðàöèé
(maxiter) çàâèñèò îò ñòåïåíè óâåëè÷åíèÿ.
Åñëè maxiter ìàëî, òî ïðè áîëüøîì óâå-
ëè÷åíèè ãðàíèöà èçîáðàæàåìîãî ìíîæå-
ñòâà áóäåò èñêàæàòüñÿ. Çíà÷åíèå
maxiter = 256 ãîäèòñÿ òîëüêî äëÿ íåáîëü-
øîãî óâåëè÷åíèÿ, à maxiter = 1024 ïîä-
õîäèò äëÿ ëþáîãî óâåëè÷åíèÿ, õîòÿ è çà-
ìåäëÿåò ðàáîòó ïðîãðàììû.

Â ëèñòèíãå 3 ñîäåðæàòñÿ ðàçëè÷íûå
âàðèàíòû ðàáîòû ïîäïðîãðàììû
SetFractal, ïîçâîëÿþùèå èçó÷àòü ýôôåê-
òû ðàçëè÷íûõ óâåëè÷åíèé è öâåòîâûõ ñõåì.

Ðèñóíîê 1
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Âèçóàëèçàöèÿ ðåøåíèé ëîãèñòè÷åñêîãî óðàâíåíèÿ,
ìíîæåñòâ Ìàíäåëüáðîòà è Æþëèà â Excel è Visual Basic

Ïóñòü âàø êîä ïðàâèëüíî èçîáðàæàåò ìíî-
æåñòâî Ìàíäåëüáðîòà è îêðóæàþùèå åãî
êîíòóðû. Òåïåðü èçìåíèòå êîä, ÷òîáû áûë
ðåàëèçîâàí Case 2 (äâóõöâåòíàÿ ñõåìà �
palno = 1). Â ýòîì ñëó÷àå âñå åùå èñïîëü-
çóåòñÿ ñòàíäàðòíûé àëãîðèòì, è ìîæíî óâè-
äåòü, íàñêîëüêî îí íåýôôåêòèâåí (ðèñó-
íîê 2) ïî ñðàâíåíèþ ñ áîëåå ìîùíûì àë-
ãîðèòìîì, ðåàëèçîâàííûì â Case 3. Â
Case 2 òåðÿåòñÿ òîíêàÿ ñòðóêòóðà ãðàíè-
öû èçîáðàæàåìîãî ìíîæåñòâà (ðèñóíîê 3).

Â ÷åì æå çàêëþ÷àåòñÿ òðóäíîñòü è
êàê åå ïðåîäîëåâàåò ýòîò áîëåå ìîùíûé
àëãîðèòì? Äåëî â òîì, ÷òî ìíîæåñòâî Ìàí-
äåëüáðîòà Ì ñîñòîèò èç ÷ðåçâû÷àéíî òîí-
êèõ íèòåâèäíûõ ôðàãìåíòîâ. Òàêèå ôðàã-
ìåíòû èñ÷åçàþò â ëþáîì äâóõöâåòíîì èçîá-
ðàæåíèè, åñëè ðàçðåøåíèå íå î÷åíü âåëè-
êî. Ðåøåíèå ñîñòîèò â òîì, ÷òîáû îöå-
íèòü ðàññòîÿíèå îò ëþáîé òî÷êè ñ, íå ïðè-
íàäëåæàùåé Ì äî áëèæàéøåé òî÷êè ýòî-
ãî ìíîæåñòâà. Åñëè ýòî ðàññòîÿíèå ìåíü-
øå îäíîãî ïèêñåëÿ, òî òî÷êó ñ ýêðàíà ñëå-
äóåò îêðàøèâàòü öâåòîì ãðàíèöû Ì. Ìå-
òîä îöåíêè ðàññòîÿíèÿ áûë îïóáëèêîâàí
â [5]. Îí îñíîâàí íà ãëóáîêîì àíàëèçå
ïîñëåäîâàòåëüíîñòè èòåðàöèé â [2]. Îíè
äîêàçàëè, ÷òî ðàññòîÿíèå îò ñ äî Ì ìåíü-
øå, ÷åì '

nnn z/zlogz2 , ãäå n � íîìåð

ïåðâîé èòåðàöèè, äëÿ êîòîðîé nz  ïðå-
âîñõîäèò íåêîòîðîå çàäàííîå çíà÷åíèå (â
ïðîãðàììå ýòî maxmodzsq äîëæíî áûòü
âåñüìà áîëüøèì), à '

nz  � ïðîèçâîäíàÿ nz

ïî ñ . Äèôôåðåíöèðóÿ óðàâíåíèå

czz kk +=+
2

1
 ïî ñ, ïîëó÷àåì ðåêóððåíòíîå

ñîîòíîøåíèå äëÿ '
nz

0,...,2,1,0,12
'
0

''
1 ==+=+ zkzzz kkk     (4)

Óïîìÿíóòûé âûøå ìåòîä îñíîâàí íà
ñóùåñòâîâàíèè ïîòåíöèàëà â îáëàñòè êîì-
ïëåêñíîé ñ-ïëîñêîñòè âíå ìíîæåñòâà Ì.
Äîáàâèì, ÷òî êîíòóðû, ðèñóåìûå äàííîé
ïðîãðàììîé, ÿâëÿþòñÿ ýêâèïîòåíöèàëüíû-
ìè ëèíèÿìè äëÿ ýëåêòðîñòàòè÷åñêîãî ïîëÿ
çàðÿäà, ðàñïðåäåëåííîãî íà ìíîæåñòâå Ì.
Ïîäðîáíîñòè, à òàêæå ìíîãèå èíòåðåñíûå
ñëåäñòâèÿ ìîæíî íàéòè â [4].

Âîçâðàùàÿñü ê ëèñòèíãó 2, çàìåòèì,
÷òî äëÿ èñïîëüçîâàíèÿ ñîîòíîøåíèÿ (4)
íåîáõîäèìî õðàíèòü â ïàìÿòè âñå çíà÷å-
íèÿ zk, 0<k<n; îíè ñîõðàíÿþòñÿ â ìàññè-
âàõ zrorb() è ziorb(). Åñëè îöåíêà ðàññòî-
ÿíèÿ ïðåäóñìîòðåíà (ïåðåìåííàÿ
DEMflag), òî íóæíî âû÷èñëÿòü '

nz , ïîìå-
ùàÿ âåùåñòâåííóþ è ìíèìóþ ÷àñòè â zdr
è zdi. Òàê êàê âåëè÷èíà '

nz  ìîæåò áûòü
î÷åíü áîëüøîé âáëèçè ìíîæåñòâà Ì, íóæ-
íî áûòü óâåðåííûì â îòñóòñòâèè ïåðåïîë-
íåíèÿ (â ýòîì ïðè÷èíà ñðàâíåíèÿ ñ
maxmodzsq). Âåëè÷èíà delta (øèðèíà ïèê-
ñåëÿ) ïîäñ÷èòûâàåòñÿ â êîíöå ïîäïðîãðàì-
ìû SetFractal, òàê êàê îíà çàâèñèò îò ñòå-
ïåíè óâåëè÷åíèÿ. Äîïîëíèòåëüíàÿ ïåðå-
ìåííàÿ dfactor (ïîïðàâî÷íûé ìíîæèòåëü)
îáåñïå÷èâàåò òîíêóþ íàñòðîéêó, òàê êàê
ðåçóëüòàò î÷åíü ÷óâñòâèòåëåí ê âåëè÷èíå
delta. Åñëè Mdist (îöåíêà ðàññòîÿíèÿ ìåæ-
äó ñ è Ì) íå ïðåâûøàåò ýòó âåëè÷èíó, òî
ïåðåìåííîé colour ïðèñâàèâàåòñÿ çíà÷å-
íèå 1 (÷åðíûé), ÷òî îáîçíà÷àåò òî÷êó, óäà-
ëåííóþ îò Ì íå áîëåå, ÷åì íà øèðèíó
ïèêñåëÿ, íî íå ïðèíàäëåæàùóþ Ì. Åñëè

Ðèñóíîê 2 Ðèñóíîê 3
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colour = 0 ñîîòâåòñòâóåò ñåðîìó öâåòó, à
colour = 1 � ÷åðíîìó (êàê â SetColours),
òî ïðè äîñòàòî÷íî áîëüøîì óâåëè÷åíèè â
ïðàâèëüíî âûáðàííîì ìåñòå âèäíû ìàëûå
êîïèè Ì, îêðàøåííûå ñåðûì öâåòîì,
ñêâîçü êîòîðûå ïðîñâå÷èâàþò ÷åðíûå íè-
òåâèäíûå ñòðóêòóðû (Cases 2-15 â
SetFractal è ðèñóíîê 4). Ïèêñåëè, íå ïðè-
íàäëåæàùèå Ì èëè îêðåñòíîñòè ãðàíèöû
Ì, ìîæíî îêðàøèâàòü ñòàíäàðòíûì àëãî-
ðèòìîì.

Ìíîæåñòâà Æþëèà âû÷èñëÿþòñÿ àíà-
ëîãè÷íûì îáðàçîì, òàê ÷òî íåáîëüøèå
ïîïðàâêè, çàâèñÿùèå îò çíà÷åíèÿ ôëàãà j,
äîñòàòî÷íû, ÷òîáû âìåñòî ìíîæåñòâà Ìàí-
äåëüáðîòà âû÷èñëÿëîñü ìíîæåñòâî Æþëèà.
Îñíîâíîå èçìåíåíèå ñîñòîèò â òîì, ÷òî
çíà÷åíèå ñ îñòàåòñÿ ôèêñèðîâàííûì â
õîäå âû÷èñëåíèé, è íà ýêðàíå ïîêàçàíî
èçìåíåíèå z, à íå ñ. Ñòàíäàðòíûé àëãî-
ðèòì íå íóæäàåòñÿ â èçìåíåíèè, à â ìåòî-

äå îöåíêè ðàññòîÿíèÿ òåïåðü íóæíî äëÿ
ïîëó÷åíèÿ ðåêóððåíòíîãî ñîîòíîøåíèÿ
äèôôåðåíöèðîâàòü ïî z0, à íå ïî ñ.

12102 01 ===+
''

kk
'
k z,...,,,k,zzz (5)

Case 18 â SetFractal äàåò ñ áîëü-
øèì óâåëè÷åíèåì èçîáðàæåíèå ÷àñòè ìíî-
æåñòâà Æþëèà âîêðóã òî÷êè z = c, ãäå c
âçÿòî èç ìàëîé êîïèè ìíîæåñòâà Ì, ïî-
ñòðîåííîé â Case 15. Èçìåíÿÿ óâåëè÷å-
íèå, ìîæíî óâèäåòü, ÷òî ìíîæåñòâî
Æþëèà äëÿ c, âçÿòîãî èç îêðåñòíîñòè
ãðàíèöû ìíîæåñòâà Ì, ñàìî âûãëÿäèò
êàê ýòà ÷àñòü Ì.

Â çàêëþ÷åíèå íóæíî ïðåäóïðåäèòü
î íåêîòîðûõ îãðàíè÷åíèÿõ, ïðèñóùèõ
äàííîé ïðîãðàììå. Íàèáîëåå ñåðüåçíîå èç
íèõ ñâÿçàíî ñ íåâîçìîæíîñòüþ èçìåíÿòü
ñòåïåíü óâåëè÷åíèÿ èíòåðåñóþùåãî íàñ
ó÷àñòêà ïðîñòûì ùåë÷êîì ïî ýêðàíó. Íà-
ïèñàòü ñîîòâåòñòâóþùèé êîä íåñëîæíî,
îäíàêî îí áóäåò ñóùåñòâåííî çàâèñåòü îò
èñïîëüçóåìîé ñðåäû. Ìåíåå ñåðüåçíûì ÿâ-
ëÿåòñÿ íåýôôåêòèâíîñòü âû÷èñëåíèÿ ìíî-
æåñòâà Æþëèà � çíà÷åíèÿ z áûñòðî ñõîäÿò-
ñÿ ê ïðåäåëüíîìó çíà÷åíèþ èëè ïðåäåëüíî-
ìó öèêëó, îäíàêî âû÷èñëåíèÿ ïðîäîëæàþò-
ñÿ ïîêà íå ïðîäåëàíî maxiter èòåðàöèé. Ýòî
ìîæåò áûòü ëåãêî èñïðàâëåíî. È, íàêîíåö,
îòñóòñòâóþò êàêèå-ëèáî ñðåäñòâà ñîõðàíå-
íèÿ ðåçóëüòàòîâ, íî åñëè âû ðàáîòàåòå â
Visual Basic, òî ìîæåòå ñâÿçàòü óïðàâëÿþ-
ùóþ êíîïêó ñ ïîäïðîãðàììîé, ïîìåùåí-
íîé â êîíöå ëèñòèíãà 3. Íàæàòèå êíîïêè
ïîñûëàåò èçîáðàæåíèå â ClipBoard â âèäå
bitmap. Èìååòñÿ òàêæå áîëüøîé ïðîñòîð äëÿ
ýêñïåðèìåíòèðîâàíèÿ ñ öâåòîâûìè ñõåìà-
ìè; äðóãàÿ âîçìîæíîñòü ïîÿâëÿåòñÿ ïðè óñ-
òàíîâêå çíà÷åíèÿ palno = 3.
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Âèçóàëèçàöèÿ ðåøåíèé ëîãèñòè÷åñêîãî óðàâíåíèÿ,
ìíîæåñòâ Ìàíäåëüáðîòà è Æþëèà â Excel è Visual Basic

Ïðèëîæåíèå.
Listing 1

Dim ssize, sxmin, symin, srange, scol, sbackcol As Double
Dim sx, sy, s, stopflag
Dim palno, mandelcol, nearmandelcol, notmandelcol, palcol(1024)
Dim iter, maxiter, maxmodsq, maxdmodsq, delta, pi, DEMflag, j, fractalno
Dim zrmin, zimin, zrange, cr As Double, ci As Double, zr As Double
Dim zi As Double, t As Double
Dim zrorb(1024) As Double, ziorb(1024) As Double, zdr As Double
Dim zdi As Double

Private Sub Form_Load()
    SetScreen
    SetFractal 1
    SetColours
    s = 256: stopflag = False
    While s > smin And Not CheckForStop
    s = s / 2
        For sy = symin To symin + srange Step s
            For sx = sxmin To sxmin + srange Step s
                If NotPlottedyet(sx, sy) Then
                    zr = zrmin + (sx - sxmin) * zrange / srange
                    zi = zimin + (sy - symin) * zrange / srange
                    scol = ComputeColour(zr, zi)
                    PlotPixel sx, sy, scol
                End If
            Next sx
            If CheckForStop Then Exit For
        Next sy
    Wend
End Sub

Public Sub SetScreen()
ssize = 3900:  sxmin = 0: symin = 0: srange = 256: smin = 1
screen.Height = ssize: screen.ScaleHeight = -srange
screen.ScaleTop = srange
screen.Width = ssize: screen.ScaleWidth = srange: MainForm.Show

End Sub

Public Sub SetFractal(fractalno)
maxmodzsq = 1E+21: maxdmodzsq = 1E+60: pi = 4 * Atn(1)
Select Case fractalno
Case 1: j = 0: zrmid = -0.75: zimid = 0: zrange = 3: maxiter = 64

        palno = 0: DEMflag = False: dfactor = 1
End Select
delta = dfactor * 0.71 * zrange / srange: zrmin = zrmid - zrange / 2
zimin = zimid - zrange / 2

End Sub

Public Sub SetColours()
sbackcol = vbCyan: screen.BackColor = sbackcol
mandelcol = RGB(128, 128, 128): nearmandelcol = vbBlack
notmandelcol = vbWhite
palcol(0) = mandelcol: palcol(1) = nearmandelcol
palcol(2) = notmandelcol
Select Case palno

        Case 0
        For c = 3 To maxiter
            palcol(c) = QBColor(1 + (c Mod 15))
        Next c

Case 1
        For c = 2 To maxiter
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            palcol(c) = notmandelcol
        Next c
    Case 2
        m = 12
        For c = 2 To m
            s = Log(c) / Log(m)
            palcol(c) = RGB(256 * s, 256 * s, 256 * s)
        Next c
        For c = m + 1 To maxiter
            palcol(c) = notmandelcol
        Next c
    End Select
End Sub

Public Function NotPlottedyet(sx, sy)
    If screen.Point(sx, sy) = sbackcol Then NotPlottedyet = True _
    Else NotPlottedyet = False
End Function

Public Sub PlotPixel(sx, sy, scol)
    screen.PSet (sx, sy), palcol(scol)
End Sub

Public Function CheckForStop()
    DoEvents
    If stopflag Then CheckForStop = True Else CheckForStop = False
End Function

Private Sub StopButton_Click()
    stopflag = True
End Sub

Listing 2

Public Function ComputeColour(zr As Double, zi As Double)
    If j = 0 Then cr = zr: ci = zi: zr = 0: zi = 0
    iter = 0: zrorb(0) = zr: ziorb(0) = zi
    Do
        iter = iter + 1
        t = zr * zr - zi * zi + cr: zi = 2 * zr * zi + ci: zr = t
        zrorb(iter) = zr: ziorb(iter) = zi
        �Comment: not needed for simple algorithm
    Loop Until iter >= maxiter Or zr * zr + zi * zi > maxmodzsq
    If iter >= maxiter Then ComputeColour = 0
    If zr * zr + zi * zi > maxmodzsq Then
        ComputeColour = iter
    'Comment: standard simple algorithm stops here
        If DEMflag Then
            zdr = 0: zdi = 0: i = 0: If j = 1 Then zdr = 1
            While zdr * zdr + zdi * zdi < maxdmodzsq And i <= iter - 1
                t = 2 * (zdr * ziorb(i) + zdi * zrorb(i))
                zdr = 2 * (zdr * zrorb(i) - zdi * ziorb(i))
                If j = 0 Then zdr = zdr + 1
                zdi = t: i = i + 1
            Wend
        If zdr * zdr + zdi * zdi > maxdmodzsq Then
            ComputeColour = 1
        Else
            modz = Sqr(zr * zr + zi * zi)
            modzd = Sqr(zdr * zdr + zdi * zdi)
            Mdist = 2 * modz * Log(modz) / modzd
            If Mdist < delta Then ComputeColour = 1
        End If



69ÌÓÇÅÉ ÇÀÍÈÌÀÒÅËÜÍÎÉ ÍÀÓÊÈ

Âèçóàëèçàöèÿ ðåøåíèé ëîãèñòè÷åñêîãî óðàâíåíèÿ,
ìíîæåñòâ Ìàíäåëüáðîòà è Æþëèà â Excel è Visual Basic

Richard Bridges,
King Edwards School, Birmingham, UK.
Dave Miller,
Department of Education,
Keele University, UK.

        End If
    End If
End Function

Listing 3

Case 2: j = 0: zrmid = -0.75: zimid = 0: zrange = 3: maxiter = 64
    palno = 1: DEMflag = False: dfactor = 1
Case 3: j = 0: zrmid = -0.75: zimid = 0: zrange = 3: maxiter = 64
    palno = 1: DEMflag = True: dfactor = 1
Case 4: j = 0: zrmid = -0.75: zimid = 0: zrange = 3: maxiter = 64
    palno = 0: DEMflag = True: dfactor = 1
Case 5: j = 0: zrmid = -0.75: zimid = 0: zrange = 3: maxiter = 64
    palno = 2: DEMflag = True: dfactor = 1
Case 6: j = 0: zrmid = 0: zimid = -1: zrange = 0.1: maxiter = 64
    palno = 1: DEMflag = True: dfactor = 1
Case 7: j = 0: zrmid = -0.05: zimid = -1: zrange = 0.05: maxiter = 256
    palno = 1: DEMflag = True: dfactor = 1
Case 8: j = 0: zrmid = 0.2849758: zimid = -0.0112716: zrange = 1
    maxiter = 64: palno = 1: DEMflag = True: dfactor = 0.5
Case 9: j = 0: zrmid = 0.2849758: zimid = -0.0112716: zrange = 0.1
    maxiter = 128: palno = 1: DEMflag = True: dfactor = 0.5
Case 10: j = 0: zrmid = 0.2849758: zimid = -0.0112716: zrange = 0.01
    maxiter = 256: palno = 1: DEMflag = True: dfactor = 0.5
Case 11: j = 0: zrmid = 0.2849758: zimid = -0.0112716: zrange = 0.001
    maxiter = 1024: palno = 1: DEMflag = True: dfactor = 0.5
Case 12: j = 0: zrmid = 0.2849758: zimid = -0.0112716: zrange = 0.0001
    maxiter = 1024: palno = 1: DEMflag = True: dfactor = 0.5
Case 13: j = 0: zrmid = 0.2849758: zimid = -0.0112716: zrange = 0.00001
    maxiter = 1024: DEMflag = True: palno = 1: dfactor = 0.5
Case 14: j = 0: zrmid = 0.2849758: zimid = -0.0112716: zrange = 0.000001
    maxiter = 1024: DEMflag = True: palno = 1: dfactor = 0.5
Case 15: j = 0: zrmid = 0.2849757: zimid = -0.0112718: zrange = 0.0000005
    maxiter = 1024: DEMflag = True: palno = 1: dfactor = 0.5
Case 16: j = 1: zrmid = 0: zimid = 0: zrange = 3: cr = 0: ci = 1
    maxiter = 256: DEMflag = True: palno = 1: dfactor = 0.5
Case 17: j = 1: zrmid = 0: zimid = 0: zrange = 3: cr = 0.2849757
    ci = -0.0112718: maxiter = 1024: palno = 1: DEMflag = True
    dfactor = 0.5
Case 18: j = 1: zrmid = 0.2849757: zimid = -0.0112718: zrange = 0.0001
    cr = 0.2849757: ci = -0.0112718: maxiter = 1024: palno = 1
    DEMflag = True: dfactor = 0.5

Private Sub copybutton_Click()
    ClipBoard.Clear
    Clipboard.SetData screen.Image
End Sub


