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AHHOTauusa

Hurge B MaTemaTtuke Nporpecc, CBA3aHHbI C BO3HUKHOBEHUEM KOMMbIOTEPOB, He ABAS-
eTCs CTONb 3pUMbIM, KaK B aAAUTUBHOL Teopum yncen. B aToli yactu byaeT pacckasaHo
0 POAY KOMMbIOTEPOB B UCCIEA0BAHMAX NMOBEAEHUA ApeBHelLel GyHKLMN, CyMMbI Ae-
nuTeneid, CBOMCTBa KOTOPOM Nudaropeiupl Ha4Yann cucTemaTyecky n3yyatb 6onblue
2500 neT Ha3ag. OnuncaHme TpaeKTOPUiA 3TOM GYHKLMN — COBepLUEHHblIe YNCAa, ApYyXe-
CTBeHHble YnCaa, obwmTeneHble yncna, and the like — coctaBnseT cogepxxaHune Hekob-
KNX NOCTaBNEHHbIX ABa-TPW ThiCAYENeTUS Ha3az 3ajay, KOTOpPbIe He peLleHbl 4O CMX Nop.
Teopema 3BKAnga—>Iinepa CBOANT ONMUCAHNE YeMHbBIX COBEPLUEHHbIX YMcen K MPOCTbIM
uncnam MepceHHa. Mocne 1914 roga HU 04HO HOBOE MpPOCTOe YMcno MepceHHa He 6b110
OTKPbITO BPY4HYH, € 1952 rojia BCce OHM OTKPbIThI NPW MOMOLLIM KOMMbIOTepoB. Npu no-
MOLLI KOMTMbHOTEPOB CErOAHA Kaxcoblil 0eHb CTPOUTCSH B COTHW W ThICAYU pa3 bonbLue
HOBbIX NMap APY>KeCTBEHHbIX YMCes, YeM Bbi0 A0 3TOT0 OTKPbLITO BPYYHYHO 3@ HECKOBbKO
TbiciyeneTuia. B KoHUe cTaTby 06cyxaaeTcs runoTesa KatanaHa—/nKcoHa.

KnroueBble cnoBa: rnpocreie MepceHHa, CyMMbl AeNNTeNel, COBEPLUEHHbIE YNCAa, APY-
)KECTBEHHbIE YNCAA, 0bLYNTENIbHEIE YNCAA, aINKBOTHbIE MOCNEA0BATE/ILHOCTY, TNMOTE3A
KaranaHa—MepceHHa, runoresa KatanaHa—/wkcoHa, runotesa lasa—Cengpuvgxa.
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1. BBEAEHUE

Hacrosd1mas cTaThsl SIBJISIETCSI HeIOCpeACTBEeHHBIM IIPOA0/DKeHUeEM [3, 4]. B aToil yactu
1 IPOJ0JDKY 00CY’KAAaTh POJIb KOMIIBIOTEPOB B HCCJIEJOBAaHUIX 110 TEOPHUH YHCeJL, Ha IIpUMepe
[IBYX CJIeVIOIIUX KJIACCUUYECKUX TEM.

e IIpoBepKa IIPOCTOTHI ¥ paKTOPHU3ALKsI OOJIBIINX YHCesl, a UMeHHO, Yrces MepceHHa
M, = 2P -1, rae p npocroe.

¢ 33/1aUM 0 CyMMaX JleJINTeJIeN: U3BECTHBIE C IJIyO0KOM APEeBHOCTH 3ajayl O COBEPIIIEHHBIX
U Ipy>KeCTBEHHBIX YHCJIaX, UX 0000IIeHHUs 1 BapHUaHTHI.

* WccseqoBaHye BBIIIOJIHEHO MTPH GMHAHCOBOM IOAIepKke PO®H B paMKax HayvHOTro ImpoekTa Ne 19-29-14141
«/M3ydyeHHre B3aMOCBSI3HU KOHIIENITyaIbHEIX MaTeMaTH49eCKUX IIOHITHH, UX ITUPPOBHIX IIpe/iCTaBIeHUMN U CMBICJIOB,
KaK OCHOBBI TpaHCPOpPMaIUU IIKOJIbHOTO0 MaTeMaTHIeCKOT0 06pa3soBaHUsI».
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Kak ¥ B HCCIeJOBaHUSIX I10 ITpo6sIeMe Bapumra [4], B 3THX TeMaX «0COOEHHO OTYETIHBO
BU/THO, KaK TPYAHO AAeTCsI KaXKIoe pedaabHoe IIPOABKEHIE, U MOKHO HEIIOCPeICTBEHHO CpaB-
HUTB PesyIbTaThl YCUIHM PasHBIX IIOKOJIeHU». [I0sIBIeHHe KOMITLIOTEPOB M3MEHHJIO 37[eCh
ece. BOT IBe KOHKPETHBIX U Upe3BhIYAHO HATJISIABIX MILTFOCTPAITUI 3TOTO.

¢ 3a mpuMepHO 2500 JjieT Bpy4YHYI0 OBLII0 OTKPHITO 12 mIpocThIX MepceHHa, II0CIeJHee U3
HUX B 1914 rogy, B caMoM 60JIbIIIOM B3 HUX 39 AecaTUYHBIX udp. B 1952-2018 romax c rmomo-
110 KOMIIBIOTEPOB OBIJI0 OTKPBITO elrle 39 IMpocThIX MepceHHa, B CaMOM 60JIBIIIOM K3 HUX,
W3BECTHOM cerofHsg, 24862048 riudp. [IouTu Bce caMble 60/IbITME H3BECTHEIE CETONHS IIPOCTEIE
4uciia — BCe B IIepBOM lecaTKe! — 3To JIM60 yucia MepceHHa, JIU00 UX CTapllue e UTeNH.

e 3a BCI0O MHOTOTBICAYEJIETHIOI HCTOPHIO 33/5aUH O APY KECTBEHHBIX Iapax I10 COCTOSHUIO Ha
1971/72 ropmp1 6110 HatieHOo Bcero 1108 TakuX I1ap, ¥ BCe, KTO UX OTKPBLI, U3BECTHBI [IOMMEHHO
[205-207]. C TeX TIOp C TOMOIHI0 KOMIILIOTEPOB GBLIM OTKPAITHI > 1.2 - 109 Takux map’.

B TO >Xe BpeMs1, UMEHHO I10BJIeHHe KOMIILIOTEPOB 3aCTaBUJIO HAC OCO3HATh fusuueckue mpe-
IleJIbl HalllUX BBIUMC/INTEIbHBIX BOSMOKHOCTeN. TakK, HallprMep, Mbl He B COCTOSTHUY OTBETUTH
Ha BOIIPOC 0 IIPOCTOTe umcesl MepceHHa ¢ 60JIBITUMU II0Ka3aTe/sIMH, IT0ipasyMeBaBIINUICS
MepceHHOM U IBHO cOOpMyJIMpoBaHHbIN KaTasaHoM, cM. § 4. MBI IOHUMaeM, UTO II0IBJIeHUe
HOBBIX JITOPUTMOB X HOBOM TeXHUKHU OTOJBUHET CETOHSIIIHIO IPaHUITY, HO Tellepb MbI OT-
4eTJIMBO BUAUM U TO MeCTO, lajIbIlle KOTOPOI'0 MBI HUKO20a He CMOKeM IIPOJBUHYTHCS Ipy6oH
CUJIOH, 6e3 KaKUX-TO COBEPIIIeHHO HOBBIX MaTeMaTHUUeCKUX udeil.

Bce muTHPYOT Haua10 ¢pasel, KOTOPYI0 JUHINTEeHH ckasaa Bebyeny B 1921 rogy: “Gott
wirfelt nicht...” u “Raffiniert ist der Herr Gott doch, aber boshaft ist Er nicht.” U peiko KTo
nuTHUpyeT ee okoH4YaHue: “Ich habe noch einmal dariiber nachgedacht. Vielleicht ist Er doch
boshaft.” Miu, Kak IIo-IIpOCTOMY BBIpas3uiI Ty Ke MbIC/Ib CTUBeH X0KHUHT: “God not only plays
dice. He also sometimes throws the dice where they cannot be seen.” 3To fucTeHCTHYECKOE
HabJIr0leHHe IIOCTOSHHO IIPUXOIUT B TOJIOBY IIPHU 3HAKOMCTBE C pe3yJIbTaTaMH aJiUTUBHOMN
TeopuH urces. OGUIHO He TO, YTO HaM 6pOcaroT KOCTU, 0GHHO, YTO 6pOCcaroT KOCTH TyJa,
I7le MBI X He MO>KeM yBUJeThb. Eciiu runoress! KatanaHa—MepceHHa U KatasmaHa—/[UKCOHa
HeBepHBI, TO MBI UMeeM BCe IIIaHChI 06 ITOM HUKOI7Ia He y3HaTh. Ho Torma HalpalumBaeTcs
BOIIPOC, YTO UMEHHO MOIJIO 6bI 3HAUHUTh YTBEP K/ eHHUe, UTO 9TU TUII0Te3bl HeBepHBI? /lJIg KOro
UMEHHO OHU HeBEepPHBI?

C IpyToii CTOPOHBI, II0SIBJIEHHE KOMIILIOTEPOB B OUepefHOM pa3 IIOJTHOCTHI0 U3MEeHUIO0
IpefcTaBIeHHUe O II0JIe3HOM U 6eCII0JIe3HOM, B 4aCTHOCTH, O TOM, YTO TaKoe IPUKJIafHas
MaTeMaTHKa. Kak g y>Ke yIIoMHHaJ B [4], B TeUeHMe CTOJIETHM TeopHUs UKcesI BEICTyIIala KakK
4HCTasl Urpa yMa, Kak aTajIoH 6ecnoieaHocmu. IMEHHO 3TO0, BIIPOUYEM, U JleJ1aJIo TEOPHI0 YHCel
«KOpOJIEBOM MaTeMaTUKM» B IJ1a3ax Juepa, 'aycca, Xapau u MHOTUX Apyrux: “Die Mathematik
ist die Konigin der Wissenschaften und die Zahlentheorie ist die Konigin der Mathematik”.

IIpuMepHO B TO >Ke BpeMs, KoIjja ITuaropeisl GopMyJIHPOBaIN CBOU THUIIOTE3E] O COBEp-
LIeHHBIX U IPY>KeCTBEHHBIX UMCJaX, Ha APyroM KOHIle OMKyMeHBI 6hLI0 CKa3aHo: «Bce 3HaIOT
0 II0JIb3e II0JIE3HOT0, HO HUKTO He 3HaeT 0 I10JIb3e 6ecriose3Horo». Ha caMoMm fiesie, He TOJIb-
KO B [IINTEJILHOH, HO a’Ke U B CpefHe ITepCclIeKTHUBe HeT HUYETo I1oJIe3Hee «HecIiojae3Horo»
3HaHUd. 3aja4da o GpaKTopusanyy yrces MepceHHa BHe3aIlHO CTaJla BasKHeUIeH npukAadHol
3azavueli, Ha KOTOPOH TeCTUPOBAIKCH BCe HOBBIE IIPOIECCOPEL. IMEHHO B IIpoliecce II0/{00HBIX

1 {1 cosHaTebHO He yKa3bIBAIO TOUHOE 3HAUEHIe: CErO/[Hs OTKPBIBAIOT COMHU MbLCAY HOBBIX TAKHUX TP KaXcJblll
JeHb, TaK UTO TOYHOE KOJIMYECTBO M3BECTHBIX IIap HaBepHIKAa U3MEHUTCS IIPOCTO 3a IIePHUOJ pefaKIIMOHHOMH
TI0/ITOTOBKHY HACTOSIIEH CTaThH.

2 Mau CrroapT [327] mIocTaBII Bompoc HHadUe, “do dice play God”?

6 © KOMMbKOTEPHBIE MHCTPYMEHTbBI B OBPA3OBAHWN. Ned, 2020 .
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TeOPeTHKO-UYHCIOBHIX TeCTOB® GBI 06HAPY KeHBI OIIMGKHY B [ieJIeHUH JHceJI ¢ IIaBalomeit
3aIsITOH Ha IePBBIX [TeHTuymax.

BoT 4TO, HamIpuMep, IMUIIET 0 3ToMy IoBoxy Keut /leBiuH: “But why does a large
supercomputer manufacturer like Cray Research invest so much money in what, from its
perspective, is surely little more than a game? The answer is that the computation required
to search for large Mersenne primes is a heavy one, stretching over days or weeks, and so it
provides an excellent way to test the efficiency and accuracy of a new computer system. The
question that interests Cray is, Does their latest computer perform the way it is supposed to?
Computer chip manufacturer Intel also uses a Mersenne prime-hunting program to test every
Pentium chip before it ships it” [97].

Kaxk u nmpefpIayIast CTaThbs CEpUHU [4], 3ITOT TEKCT UMeeT He HAYUHBIN U He UCTOPUYECKUM,
a IMEeHHO Memodo/102u4ecKkull i memooudeckuil Xxapakrep. llesb ee Tposikasi:

o IIpOMJUTIOCTPUPOBATD Ha IIPOCTOM, JOCTYIIHOM M HHTEPeCHOM MaTepHaJie Kak Hegeposim-
HbLil Macwmab M3MeHeHUH B MaTeMaTHKe, BbI3BaHHBIX PaclIpocTpaHeHHeM KOMITbIOTEPOB, TaK
Y BO3HUKIIIHE IIPH 3TOM HOBBIEe OTPaHUYeHUS. [PAHULIA MEX/Y OCYIIECTBUMBIM U HEOCVIIIE-
CTBUMBIM HUKY/A HE UCYESJIA, OHA IIPOCTO HECKOJIBKO CABHUHYJIACE.

« IIpopexkIaMHUpOBaTh WupoUaliuiiie BO3MOKHOCTH HCII0JIb30BaHU 3TOT0 MaTepHasa (4 pas-
JIMYHBIX €r0 BAPUAHTOB U 000011leHUI1!) B IpellolaBaHUU MaTeMaTUKU U UTHPOPMaTUKU Ha
BCeX YPOBHSIX U IPOUJLTIOCTPUPOBATH 3TU BO3MOXKHOCTH II0/I60pKaMU 3a/1ay.

« Ellle pas npuBJledyb BHUMaHUE K IBYM 3aMedaTe/IbHbIM 33/iauaM, CGOpMYTUPOBAHHBIM
JxkeHoM KaTtasrarnoMm B 1876 u 1878 rogax, 110 IIPOABIKEHUSIM B PEIlIeHUHU KOTOPBIX MBI MOIJIH
6bI M3MePSITh HAlll IIPOTPECC B BEIYUCIUTEIbHOM MaTeMaTHUKe.

B vacTHOCTH, 1 BKJIIOYHII CI0/ja ITI000PKY 3a7ja4d, OCHOBAHbIX Ha Kypce «MaTemaTuka 1 Kom-
IILIOTep», KOTOPBIA MBI ¢ BoJstofiel XauHbIM paspaboTany B 2004-2006 rofax, ¥ KOTOpbId Callta
IOpKoB 11ostHOCTHI0 06HOBMII B 2018-2020 rozax, cM. [8] mo ITOBOY OIIMCaHUS BCETO IIPOEKTA.
[TepBas yacTh, OTHOCAIIASACA K YUCIaM MepceHHa, BBIpocia us [6, § 6.4], a BTopasi, 0OTHOCAIAsACS
K CyMMaM JesuTesiel, us [6, §§ 8.1-8.4] u [7, § 4.3]. OgHaKoO IepBas 4acThb II0YTHU [IOJIHOCTHIO
HaIlrcaHa 3aHOBO, a BTOpas 3HAaUYUTeJIbHO 0OHOBJIEHA U pacIIipeHa.

B yacTy, ITOCBAIIEHHOM YKcaaM MepceHHa, ropaszo 60JIbIIe UCTOPHYECKOro U COBpeMeH-
HOro pakmuueckozo mamepuana. C Ipyrox CTOPOHEL, YacTh, ITOCBAILeHHAS 3aia9aM IIP0 CYMMBI
JleJiuTesIell HOCUT YHUCTO IIpaKTUYeCKHUH XapaKTep ¥, KpoMe IIocIeHero rraparpada, COCTOUT
TJIaBHBIM 00pas3oM 13 00paboTKH 3a7ja4, KOTOpPbIe MBI ¢ Bostozieit XaTuHBIM QaKTHYIeCKU IIpe]-
Jaraiau crygeHTaMm. Kox B Mathematica B 0OCHOBHOM IIpOCTO BOCIIPOU3Be/leH OTTY/la, MHOTA
C YyTh U3MEHEHHBIMH 110 CpaBHEHUIO C [6, 7] TapaMeTpaMu.

KoJsinuecTBO TEKCTOB, HENOCPedCMeeHHO OTHOCIIIIUXCS K 9TUM U O6JIM3KUM HallpaBJIeHUsIM
TEOPHUU YHCeJI, U3SMepseTCsd MHOTUMH ThICIYaMH U [Ja’ke IJIaBHbIe U3 HUX HEBO3MOJKHO OTpa-
3UTH B paMKax >KypHaJIbHOH cTaTbh”. [109TOMY, KpOMe KHHT, 0630pOB U TEKCTOB 06IIEro Xa-
pakrepa, 51 BKJIHYAK B 616110rpadiio TOJIbKO HECKOJIBKO KII0UEBBIX KJIaCCUYECKUX TeKCTOB
U paHIOMHBIEe CTaThH, KOTOPhIe MBI HCIIOJIL30BaJIt [IJI1 COCTaBIeHUd 3ajad. Ilocienaue 2-3
LleCATUJIETHS TEeKYIIlee COCTOSSHUEe MeHseTCsd TaK OBbICTPO, YTO IIPOIPecc MOYKHO OTC/IEKUBATh
TOJIBKO II0 CIIe[THaJIN3UPOBaHHBIM caliTaM, KOTOpble OyAyT YIIOMSHYTHI HEIIOCPeLCTBEHHO
B COOTBETCTBYIOIIMX MeCTax TeKCTa.

HMeeTcss OrpOMHOE KOJIMUECTBO TEKCTOB 0OOIIero xapakrepa II0 TEOPHH YHCeJsI, CaMOro
PasIMYHOIO YPOBHS, B KOTOPBIX 06CY>KIAI0TCS IIPOCThIe MepceHHa U CYMMBI lesidTesell. dakTu-

e8] JercrBUTeIbHOCTH ToMac Haticu o6Hapy»xui B 1994 rogy FDIV bug B Ipoliecce BEIYMCIeHHS KOHCTaHTHI
BpyHa, CyMMBI 06paTHBIX BeJIMUMH K IIPOCTHIM OJIM3HEIlaM.
4 310 coBceM HeGaHATBHO CIe/IATh faXke B GopMaTe KOMIEHHyMa [311, 312].
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4YeCKH [IpU COCTaBJIEHUH 3THX 3aa4 B [6] MBI IT0/Ib30BaINCh KHUTraMu JpuKa baxa u [xkedpdpu
Ilasmmta [17], AHpu KosHa [79], Puuapza Kpsugasia u Kapsa ITomepanca [89]°, Puuapza Fas
[140], BrageiciaBa HapkeBuua [239], ITayito Puben6otima [289] u BaryiaBa CepIImHBCKOTO [32016.

H3BecTHas ¢ 6MOJIENCKUX BpeMeH II0TOBOPKA yTBEP)KIAeT, YTO «HeT HUUEro HOBOTO IO/
CoJstHIIEM, HO €CTh MHOTO CTaphIX Belllel, KOTOPBIX MBI He 3HaeM». B uacTHOCTH, IpHu paboTe
Haz [6] MBI He yYUTHIBaIX 60JIBIIOE KOJIMYECTBO MHTEPECHBIX TEKCTOB, B TOM YKCJIE U TaKHUX,
I7ie ceryaJbHO pacCMaTpUBaTCI GaKTOPHU3aIlMK YHCes CIel[UaJbHOr0 BH/Ia, HAIIPUMED,
6pomrtopy Kapsioca Mopeiipo u Hukosay Canganbs [237] u kHury Xbro YuuibaMmca [360], crieriu-
aJIbHO ITOCBSIIEHHbBIE TeCTy JItoKa ¥ ero BapruaHTaM. HoMuHaIbHO KHUTA AslbGepTa Beltnepa
[24] oTHOCUTCS K peKpeaTUBHOM MaTeMaTHKe, HO paKTUYeCKHU 3TO BeCbMa COJleprKaTeIbHbIN
TEKCT, COJleprKalllyii CChIKM Ha OpUTHHAJIbHEIE Pa6OTHI.

K cgacThIo, B TOM, YTO KacaeTcsl ICTOPUHU BCEX pacCMaTPUBAaeMBIX 3/leCh BOIIPOCOB /10 HadaJjla
1920-X TOZI0OB €CTh LUKJIOI[ef]1uecKU 110 0XBaTy TeKCT JleoHapaa /lukcoHa [101], rxe yrioms-
HYTHIL, XOTS U B TesjerpapHOM CTHJIE, 8Ce KacCuuecKre TeKCThl. Knura Xaposabna daBapzca
[12] cofep>KUT 0UeHb MHTEPECHYIO UCTOPHUYECKYI0 PEKOHCTPYKIUIO TOT0, Kak ®epMa, MepceHH
U UX COBPEMEHHUKH HCKaJIU IIPOCThIe JeauTeny yrcesa MepceHHa. [IoJTHBIMY U HaJlesKHBIMHU
UCTOYHHUKAMU O TOM, YTO OBLJIO M3BECTHO 0 uHrciax MepceHHa B 1920-e 1 1930-e To/BL, CIyKaT
cTtaThu Jleppuka Jlemepa u Panbda Apunbanbpa [15, 213, 218]. B 6porrtope I'ast XayopTa [167]
uHpOpMaAIUA C TOM >Ke II0JTHOTOM [JoBefleHa 0 Havasa 1990-X, I1ocjIe yero aTo CTajlo yXe ¢u-
3UUYeCKH HEBO3MOXKHO. B cTaThsix Xbi0 YiuibsaMmca u ke dpu [asutura [361] u Camroasia
Vorcradda [352] JeTasbHO OIKUCHIBAIOTCI METO/IBI, UCIIOJIb30BaBIIHeCT A1 GaKTOpHU3aiuu
YuceJI CIIeIiMaJbHOT0 BUZA 10 1947 rofa U B KOMIIBIOTEPHYIO 3II0XY, COOTBETCTBEHHO.

Pasymeetcs, ¢ TeX II0p IIOSIBUJIOCH OTPOMHOE KOJIMYeCTBO HOBBIX TeKCTOB. Cpenu 6osiee
HOBBIX KHUT, I'/ie IPUBOJATCS MHTEPECHBIE YTBEP KIEHNI U GOPMYJIHUPYIOTCS HOBBIE TUIIOTE3bI
B 9TOM HaIlpaBJIeHUH, YIIOMSHY KHUTH H7pIo I'paHBHILIA [134], CaMioasna Yorctadda [353]7
u JI>xkoHa YoTkuHca [357].

BoOT elre HECKOJIBKO 3aMevaTeIbHbIX HayYHO IIOIYJ/ISIPHBIX TEKCTOB, KOTOPbIe MOYKHO HC-
I10JIb30BAaTh I IIPUOOIeHUS K MaTeMaTHKe JleTell, IIMPOKKUX HapOAHBIX Macc U JII0603HaTe Ib-
HEBIX HeHCI/IOHepOB82 MapTtuH 'apaaep [127], [>xkou KouBeit u Puaapy ait [83], KetiT [leByuH [97],
HWau Ctroapt [326] 1 Mapkyc 0 CoToii [313], oc/IeiHMe TPH COfIepsKaT IOy ISpHbIe, HO aKKY-
paTHbIe U IIOAPO6HEIE 0630PEI KCII0JIb30BaHNI KOMIILIOTEPOB B 3aiadax Gpakropusanuu. Kanra
KoncraHc Puj [284] pefickasyeMbIM 06pa3oM’ COZIePKHT OIMCAaHHe OTKPHITHS HOBBIX IIPOCTHIX
MepcenHa Pagassiem Po6rHCOHOM.

HenpeprIBHEBIN TeKCT Puben60iiMa [286-289] — a 3/tech OH IPOIIUTUPOBAH /IaJIeKO He C ca-
MOTO0 HauaJja! — CJIy>KWJI 3aMeHOM NHTepHeTa B JJOKOMIIBIOTEPHYIO 3II0XY, 0COOEHHO C yUeTOM
aBTOPCKHUX OOHOBJIEHUM B PYCCKUX, QPaHITy3CKUX, HeMEIIKHUX U II0PTyTrajlbCKUX IIepeBo/ax.

5 He yepsKych OT TOTO, YTOGHI IIPOI[UTUPOBATE CJIE/IYIONIHI KUBOIIHCHBIN GParMeHT U3 pelleHsHH PoGepTa
IOpuueBnya Ha aTy KHUTY: “It seems that we will only begin to seriously understand the sequence of prime numbers
when we are freely able to work with prime numbers which are at least 1 million digits in length. It would certainly
be fantastic to discover a trick in order to do arithmetic with such huge fundamental building numbers without the
aid of a computing machine. It would also be nice to be able to fly without the aid of a flying machine. Plainly, the
computer is an indispensible tool to the research mathematician studying the sequence of prime numbers, as well as
to the mathematician applying prime number theory in industry.” — «Ka6sl MHe Takue 1epbs, /ja TaKHue KPbLIb. . . »

6 @axrideckn, Kak ot [89] u [140], MBI, K COKaICHHUIO, TI0JIb30BaIHCh MIpeABIAYINNM U3aHUeM. BTopoe usganue
CyILleCTBEHHO paclIMpeHo0 U 06HOBJIEHO KMEHHO B YaCTH, OTHOCAIIeHCs K paKTOpH3aliiy yrces MepceHHa U POJIU
B 9TOM KOMIIBIOTEPOB.

T«Multiply 2071723 x 5363222357 by hand. Feel the joy.”

8 «There is much pleasure to be gained from useless knowledge.”

9 Komcramc Pup cectpa J>Kyinu Po6GUHCOH.

8 © KOMMbKOTEPHBIE MHCTPYMEHTbBI B OBPA3OBAHWN. Ned, 2020 .
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OTesIbHO OTMEUY ITOC/IeTHHUE HeMeITKUi mmepeBoy [290], rte ¢ MOMeHTAa BBIXO/Ia aHTJIMHCKOTO
H3IaHUsI MHOTOoe o6aBmIoch. KHuru PubeH60iMa 3j1eMeHTapHbIe, HO BCe JKe OTHOCSITCS He
K HayYHO-TIOITYJITPHOMY >KaHpPY, 4 K MaTeMaTHUYeCKOMY ITPOCBEITIeHUI0. B HUX IIPHUBOISATCS
TIPOCTHIE, HO HACTOSIIIHE TOKa3aTelbCTBa 60JILIIIOT0 KOJIUeCcTBA GaKTOB.

2. PYKOTBOPHbBIE MPOCTbLIE YACNA MEPCEHHA

B aToMm u ciefyroieM naparpade Mbl 00CYIMM BaKHEUIITHHI KJlacC IIPOCTHIX, BOSHUKAIOIIUM
BO MHOTHX BOIIPOCaX TEOPHH YHCEJI, aJre6pbl 1 KOMOMHATOPUKH.

2.1. NMpocTtble MepceHHa

Ecim m — cOGCTBEHHBIH JequTesb 1, To X" — 1 memurcd Ha x™ — 1. IloaToMy ecau
M,, = 2" — 1 mpocToe, To n IpocToe. Yncia BUIA M, = 2P — 1, Tme p mpocToe, HAa3hIBAIOTCS
yucaaMu MepceHHa. I[louTH Bce camble OOJIBIITHE WM3BECTHBIE IPOCThIE YUCJIA SBJSIOTCS
IPOCTBIMHU YMCJIaMu MepceHHa.

« ITpocTOTa ITEPBLIX TPEX U3 YHCeJI
M,=3, My=7,  Ms=31, M;=127

M3BeCTHA C ITy00KOM APEBHOCTH, IIPOCTOTA YeTBEPTOTO M3 HUX IBHO YIIOMUHAJIACh He I103Ke
III Beka 10 H.3. B cepenmHe XV Beka OblIa yCTaHOBJIEHA TaKyKe IPOCTOTA YHCIIa

M3 = 8191.

[ToaToMy 60JIBITMHCTBO PAHHUX aBTOPOB OBITTH YBePeHBI, UTO BEPHO B 06paTHOE, TO eCTh eCIN
p TpoCTOe, TO M), TOXKe IIPOCTOe.

¢ JT0 3abJTyKIeHHe OBLI0 pa3BesHO B 1536 roxy XymaabpuKycoM Perrycom, KOTOPEIi 3a-
MeTWI, uTo M7 — 1 = 2047 = 23 -89, KaKk MBI CKOPO YBUIHUM, 3Ta paKTOpHU3aIUs He CIydaliHa,
23=2-11+1.

* B 1588 roay IIbeTpo Karambau '’ IIPOBEPHUJI, UYTO
M7 =131071, Mg =524287

IIPOCTBHIe, IIPU 3TOM OH 3aABUJL, UTO Moz, Mog, M3 1 M37 TOXKe IIPOCTEHIE.

e B 1640 rogy IIsep fe PepMa IIPOBEPHIL, UTO B JeMCTBUTEJIBLHOCTH M3 B M3; COCTaBHEIE.
ITos>ke JleoHapZ Jujiep 3aMeTHIL, UTO U Mog TOXKe COCTaBHOE, a B 1772 rofy I10KasaJl, uTo

Ms; = 2147483647

mpocroe. IIp 3ToM 06a OHM I10JIb30BAJIMCh CPAaBHEHHSIMHU JIJIS1 [ieTUTes el arces My, KOTOpEIe
MBI HallOMUHaeM B § 4.

10 dopmanbHO KHUTA Trattato dé Numeri Perfetti [57], comeprkaiiasi 3TH pe3yJIbTaThl, OITybIMKoBaHa B 1603 roxy.
Ho niepBas ee ¢ppasa Takosa: “Nel trattato dé numeri perfetti, che giasino dell’anno 1588 composi,...”. Ha cTpaHurie
40 BocIIpou3Be/leHa TabJInIla BCeX IIPOCTHIX YHcesI p < 750. IIoCKOIBKY 727% = 528529 > M9, fa>xe He 0CO6EHHO
BYUTHIBAsACH B TEKCT, IOHATHO, KaK UMeHHO JlelicTBoBaJI KaTapau. OH mpo6oBaJl B KaueCcTBe BO3MOKHBIX JleTuTes e
M3, M17, M19 BCce IpOCTHIe, He IIPeBOCXOJAIINIE IleJIyI0 YacTh UX KBaJpaTHBIX KOpHEN — “sua prossima radice
quadra”. COMHUTeJIFHO, YT00BI KaTaIb/Iu OBeJI TAKOTO Po/ia IIpsSIMble BHIUUCJIEHUS 10 28972 = 8392609 > Mp>3.
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» Bo Bcex 0OBIYHBIX TEKCTAX II0 TEOPHUH YHCeJl TOBOPUTCS, UTO B CBSI3U C IIP06JIeMOI YETHBIX
COBepIIeHHBIX yucesl MapuH MepceHH B 1644 rofy yTBepKaJl B IIPEAVICIOBUU K CBOEUM KHUTe
Cogitata Physica-Mathematica [230], uTo 4mcia

My, p=2,3,5 7 13,17, 19, 31, 67, 127, 257

IIPOCTHL, a BCE OCTaJIbHbIE UHCIa M), I p < 257 cocTaBHbIe. Kak 1103Ke BRISICHUJIOCH, 3TOT CITH-
COK BepeH 110 p = 31, HO fajblile cofiepyKasl OIIMOKH. OJHAaK0 3TH OIINOKU ObLIN KCIIpaBJIeHbl
TOJILKO B KOHIIe XIX 1 Havasie XX BEKOB.

Tak IpUMEPHO 3TO M3JIaTaeTCs U B HallleM 3afjauyHuKe [6]. OgHaKO ¢ TeX IOp s IIpoYet
TIePBOUCTOYHUKHU U B CJIEAYIOIIEM ITYHKTE CKOPPEKTHUPYIO 3Ty HOITYJIIPHYI0 KAPTUHKY. B 1eit-
CTBUTEJBbHOCTU MepceHH yTBep Kasl JIUIb, UTO 10 M3) HeT IPYTUX HOBBIX IIPOCThIX MepceHHa.
A yncma Mgz, M127 1 Mas57 BOSHUKJIIH B IIPOITECCE TIONIBITKU CHOPMYTHPOBATH TOpa3zo 6osee
TPYJHYI0 U HHTEPECHYIO TUIIOTE3Y.

2.2. Yto Ha camoM pene yTBep>Xaan MepceHH

B usgaHuu 1644 roza [230] s He HallleJ HUYeTro IIpo YyKucaa MepceHHa, KpoMe IMyHKTa XIX
BBeJleHU, IJle TOBOPUTCH IIPO CO8epULeHHble YKcia. A UMeHHO, MepCeHH OTMevaeT, UTo U3 28
4uceJI, KOTOpBIe yKa3aHbl B TpakTaTe [IbeTpo BOHIo Kak coBepllleHHbIe, B JeMCTBUTEIbHOCTH
20 coBepIIIeHHBIMU He SIBJISIOTCS: “solos octo perfectos habeat videlicet 6, 28, 496, 8128, 23550336,
8589869056, 137438691328, 2305843008139952128”. Tak B TekcTe. OUeBUIHO, oIlevaTKa. IlaToe
YHCJI0 BOJDKHO OBITE 33550336, 8ce ocTasibHBIE, BKIt0Uasa 2305843008139952128, coBepIlleHHOCTD
KOTOpOro OblyIa JoKa3aHa JUIepoM, BepHBIL.

[Janee MepceHH yTBep KaaeT caenytoiiee: “Porro numeri perfecti adeo rari sunt, vt vndecim
dumtaxat potuerint hactenus inueniri: hoc est, alii tres & Bongianis differentes: neque enim vllus
est alius perfectus ab illis octo, nisi superes exponentem numerum 62, progressionis duplae ab 1
incipientis.” A ©IMeHHO, YTO COBepIIIeHHbIe YHCJIa HACMO/IbKO PeIKH, YTO CO BpeMeHH BoHro
YIaJI0Ch OTKPBITH BCEIO TPHU HOBBIX, [IpHYEeM HHU OJHOI0 U3 HUX, MEHBIIIEro YeM. ..— U BOT
TYT IIPOMCXOJUT HEUYTO COBEPIIIEHHO 3arafo4yHoe. Ec/IM YUTaTh 62 TaK Ke, Kak 68, 128 1 258
B JlaJbHeIIIeM TeKCTe, TO peub 37lech UfleT MMeHHO o uucie 250 Mg .

OJHaKo IIPOAO/DKEeHHe He OCTaBJ/sAeT BO3MOXKHOCTHU TaKOIO TOJKOBaHHUA: “Nonus enim
perfectus est potestas exponentis 68 minus 1. Decimus, potestas exponentis 128 minus 1.
Vndecimus denique, potestas 258 minus 1, hoc est potestas 257, vnitate decurtata, multiplicata
per potestatem 256”. 37iech IPMO yTBepkAaeTcs, uto 2% Mgy, 2126 M 57 1 22%6 M,57 — emmte Tpu
COBepIIIeHHBIX YHUCJIA, JeBITOe, ecIToe U OJUHAJIlaToe — B IIOpsKe oOHapy KeHUs, a He
B IIOPsIIKe BeJIMYUHEL. 5] He BIDKY 37eCh YTBEPIKIEHU, UTO APYIUX COBEPILIEeHHBIX YK Cesl HeT.

Jlo xoHI1a MyHKTa XIX MepceHH Ipoao/DKaeT paccyKaaTh Ha 3Ty TeMy. B KauecTBe BEI30OBa
OH IIpeJjIaraeT HalTH ellfe 11 cOBepIIIeHHBIX YHCeJI, HO 3asIBJIAET, UTO 3TO OyAeT Ype3BhIUaHO
TPY[HO, ITIOCKOJIBbKY CYIIIeCTBYIOT OTPOMHBIe HHTePBaJbl CTelleHe, I7ie IIPOCThIX MepceHHa
B0061Ie HeT. IIpy 9TOM OH [les1aeT YIUBHUTeJIbHbIe KOHKPETHBIE IIpe/ICKa3aHus, B YaCTHOCTH,
IIpeAiIioIaraeT OTCyTCTBHE IIPOCTHIX MepceHHa M), B mHTepBasie 1050000 < p < 2090000. Kak
MBI BCKOpe YBUIMM, JJa’Ke C HUCII0JIb30BaHKeM CYyIIepKOMIIBIOTEPOB BEIUHC/IEHHUS C YUCIaMU
TaKoro pasMepa CTaJIi HaM JOCTYIIHEI TOJIbKO HaYHHas ¢ cepefuHEI 1990-X ro1oB.

U felicTBUTEIBHO, TI0C/Ie 3TOT0 OH YTBeP)KIaeT, UTo IMIpebIBUTh GecKoHeuHoe ' KO-
YeCTBO COBEPIIEHHBIX YHCcesI OyeT Ype3BbIYaliHO TPYAHO. ITO CBA3aHO C TeM, YTO JasKe [JId

11 B cooTBeTCTBHM C 0GBIYAEM TOTO BPeMEHH OH TOBOPHT «/II0G0€ IIPeIIHCAHHOE KOTHIeCTBO.

10 © KOMMbKOTEPHBIE MHCTPYMEHTbBI B OBPA3OBAHWN. Ned, 2020 .
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HECKOJIbKUX YHCeJI, y KOTOPBIX Bcero-To 15-20 sHakoB(!!), YTOOBI IIPOBEPUTH, IBJISIOTCSI OHU
IPOCTHIMH HUIH COCTaBHBIMH, MOKET IT0TPe6OBAThLCS CTOJIETHE BEIYHCIeHIIH .

B Hay4YHO-TIONYJIIPHBIX KHUTAX BhICKAa3bIBaeTCsI MHEHUe, UYTO OH IIPOCTO BOCIIPOU3BEJ ITOT
CIIHCOK U3 nrceM ®epMa U PpeHUKIIS, C/leslaB IIPHU IIepellkChIBaHUN oneuamky, 67 BMecTo 61.
C opyroi CTOPOHBI, CaM CIIMCOK ¥ TOUHOCTD J0TaIKM OTHOCUTEJIBHO Yrcaa M7 COBEPIIEHHO
YIOUBUTENBHEL U TPeOYIOT 06 bacHeHU. O6e 3TH TOUKHU 3peHUS IIPUCYTCTBYIOT B CIeLyIOIIeM
dparmeHTe U3 JIMKCOHOBCKOH «McTopuu»: “In a letter to Tannery'® Lucas stated that Mersenne
(1644, 1647) implied that a necessary and sufficient condition that 2” — 1 be a prime is that p
be a prime of one of the forms 22" + 1, 22" + 3, 22"*1 _ 1 Tannery expressed his belief that the
theorem was empirical and due to Frenicle, rather than to Fermat'* ...” [101].

Bocripousseny ToT pparmeHT TekcTa 1647 rofa [231], Ha KOTOPHIN 371eCh CChLIAI0TCA JII0Ka U
JVKCcoH. MepceHH SIBHO BEIITMCHIBAET BCe MO PHI Uucaa Mgy B KoJU4decTBe 21 IITYKY, UTO JlesIa-
eT 3asiBJIeHHe 006 “orreuaTke” abcypoHbim. OUeBUHO, YTO OH IIBITAETCS 3/leCh GOPMYIUPOBATH
OBLIEE ITIPABUJIO IIPOCTOTHI urices1 MepceHHa. IIpy 3TOM OH He 0TMedaeT OT/eJIbHO ciIydal Mos7,
U He TOBOPUT HUYEr0 IIPp0 KOHKPEeTHHIN HHTepBaJl.

BoT uTO B TOUHOCTHU roBOpUTCS: “Sequens Regula numeris primis agnoscendis admodum
vtilis videlicet numerum binarii analogicum vnitate decurtatum, cuius exponens primus, ternario,
vel minore numero ab aliquo binarii analogi, cuius exponens sit par, est numerus primus. Verbi
gratia, 7 est exponens 128, nam 7 differt ternario a 4 binarii analogo, cuius exponens est par,
ideoque 127, est primus. Preeterea si 64, ternarius addatur, surget primus 67, adque adeo 67,
potestas plus 1, erit numerus, qui sequitur, primus 147573952589676412927: quorum hac est
proprietas, vt in sui medium ducti numeros perfectos generent: quod intellige de solis numeris
primis, qui sunt vnitate minores numero binarii analogo, eapropter non conuenit hac proprietas
numero primo 5, sed numeris 3, 7, 31, 127, 8191, 131071, 524287, 2147483647, & omnibus alius
eiusmodi generis”, [231], cTrpaHuIia 182.

B KOHIIe OTphIBKA CHOBA BOCIIPOU3BOJUTCS CIIMCOK IIEPBBIX 80Cb MU UKices MepceHHa, OTHO-
CUTeJIbHO KOTOPHIX OH He MMeJI COMHeHUs. IIpe/IecTBYIOIINY TeKCT MOKET OBITh MUCTOJIKOBaH
B TaKOM /iyXe, KaK IHIIeT JIIoKa, YTO IIpocToTa M), oIpe/esieTcs 6JIM30CThIO p K CTeIleHH
IOBOUKU. B ayspHeNIIIeM MHOTHe, B YaCTHOCTH, Paib¢ Apunbanby, CTryuiMaH /Jlpeiik, MajikoaMm
Xetmiyopr [15, 103, 169], mpeyiaraau CBOU HHTEPIPETAIIUH, HO, KaK MHe Ka’KeTCsl, HUKOMY He
yZIaJI0Ch OOBSICHUTE CIUCOK MepceHHa TaKUM 00pa3oM, YTOOBI BKIIOUUTH M3 ¥ UCK/IIOUUTH
npu 3TOM Mg . [loaToMy OTCYTCTBUE YIIOMUHAHUSA Mpg) TeMCTBUTEIBLHO IIPEICTaBIsIeT COO0M
3arajiKy, ¥ 1 HaUMHal0 BEpPUTbh, UTO, YBUIEB PSILOM B TeKcTe Mg U Mgy IepBo[o]lieyaTHUKHA
COYJIM 3TO IIOBTOPOM U BEIOPOCHIN Mg IIPU pelaKTUPOBAHUHU TEKCTA.

2.3. Kputepuii Jlloka—Jlemepa

IIpoCTOTY IEPBBIX urces MepceHHa JIETKO YCTAHOBUTD MIPOGHBIMU IeJIEHUIMU — HCTI0JIL3Ys
IUISI COKpaIeHus mepeGopa cpaBHEeHUS IS [ieJIUTeNIeH, Kak 3To festauin depMa u Jiep, cM. § 4.

12 06a aTu PpparMeHTa TEKCTA II0JTHOCTHI0 BOCIPOM3Be/IeHbI Ha JIATHIHH B CTaThe YosTepa YiibsaMa Poys Bosuia
[310], rme ¥X, KOHEYHO, HECKOJIBKO JIerde YNTaTh, Y4eM B OpUTHHAIbHOM usfanuu XVII Beka. ITocsiegHsas gppasa aToro
IyHKTa B OpUTHHAJIE BRITJIIAUT TakK: “agnoscere num dati numeri 15, aut 20 caracteribus constantes, sint primi necne,
cum nequidem saeculum integrum huic examini, quocumque modo hactenus cognito, sufficiat.” OTctoza Poy3s ot
BBIBOZUT CJIefyIolllee 3akatoueHue: “From the last clause it would appear that he did not know how the result was
demonstrated”.

13 13 06mmx cooGparke Ml OUeBU/HO, YTO HMeeTcs B BUAY I10/1b TaHHEePH, KOTOPBIM IPUMEPHO B 3TO BpeMs
3aHHUMaJICA II0ATOTOBKOM U3jaHuM TpyZ0oB PepMa U /lekapTa, a He ero 6paT Krosib TaHHepwH.

14« valeurs quil tenait, supposent certains, de Fermat lui-méme” [274].
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B To Xe BpeMms, IIpoBepKa IIOL0OHBIMHY IPSIMBIMH METOLaMU IIPOCTOTHI CIeLYIOIINX YHCes U3
crrcka MepceHHa, BOT X0Ts 661 Mgy, IIpeficTaBJsijIa 110 TeEM BpeMeHaM yrKe J0OBOJIBHO Cephe3HYI0
BEIUMCIUTENIbHYIO 3a/5a4y.

ITosToMmy ciaenyroiiue MpocThie MepceHHAa OBLIH OTKPBITHI TOJBKO B KOHITe XIX Beka. Kak
yoKe YIIOMHUHAJIOCh, II0YUTH BCe caMble O0JIbIIIFE U3BECTHEIE CETOAHS IIPOCThIE YHCIA IBJISIOTCI
yrcaaMu MepceHHa. ITO CBSI3aHO C TeM, YTO IIPOBEPSITH IPOCTOTY YKcaa M) 3HaUumeibHo
IIpOIlle, YeM IIPOCTOTY APYTUX YK CEJI TOIO JKe ITopsAaKa.

A MMeHHO, [iyI1 yrcesl MepceHHa MMeeTCs CIeLYIOIINI KPUTEePUH IIPOCTOTHI, OTKPBITHINA
B 1876 romy dayapoM Jlroka [224] u yrpoueHHbIH B 1930 rozy JleppukoM Jemepom' [210, 214].
YT06BI COOPMYIUPOBATE ITOT KPUTEPHUL, OIIpeie/INM IIpeXKze Bcero umcia JIroka L. Ilooxum
L; =4 u 3ajafuM CIefyrollye Yucjia peKyppeHTHO IOCPeCTBOM L1 = L%, -2.

Tax BoT, KpuTepuii Iroka—J/IeMepa yTBep)KAAeT, UTO [IJI TOT0 UTOOBI BBISICHUTD, SIBJISIETCS
JIA YuCJI0 MepceHHa M), IPOCTBIM, HEOGXOIMMO BBITIOJTHUTE BCETO O0HO de/ieHuUe, 8 UMEHHO,
M), B TOM # TOJIBKO TOM CJIy4ae IIPOCTOE, KOTZa OHO eIHUT Ly-1, CM. KHUTY XbI0 BU/LIbsIMCa
[360] 110 TIOBOIy HCTOPUU 3TOM UMIEU U ee pa3BUTHUA. IIpoCThie OKa3aTeabCTBa IIPUBEIeHbI
B cTaTbax [54, 189, 309, 359].

Jlo 1876 roza mpocroTa yuces MepceHHa JOKa3bIBajlachk CTPOro B IIOPSAAKE UX BO3pacTa-
HU4. A UMEeHHO, 0603HaYUM 7n-e IpocToe yucao MepceHHa yepe3 M(n). Torga usaokeHHas
B IIpeJbIAyIeM IIYHKTe UCTOPHUS MOKeT OBITH pe3loMHpPOBaHa KaK

M(1)=M,=3, M@ =M;=7, M@3)=M;=31, M®@&)=M;=127,
M(5)= M3 =8191, M(6)=M;=131071, M(7) = Mg = 524287,
M(8) = M3, = 2147483647.

OpxHako, HauuHa4 ¢ JIoKa, IIPOCThIE YHCJIa MepceHHa OTKPBIBAJIXCh HE 006s13aTeILHO B IIopsaaKe
BO3pacCTaHUA HOMEDPA.

e B 1876 ropy, I10/Ib3ysCh CBOUM KpUTepHeM, dayap JIroka foKasall, 4To 4uciao Mg cocTas-
Hoe (II0 3TOMy II0BOAY CM. § 4), ¥ IIOATBEPUJL, UTO YHUCJIO0 M)o7 IIPOCTOE:

M(12) = M;27 =170141183460469231731687303715884105727,

degsimoe B IOPSIZIKE OTKPBITHS, HO 08eHaAdyamoe 110 BeJIMIHUHE.

PexopzHOe Ha TO BpeMs 4HCJI0 M7 y KoToporo 39 nudp, ocTaBajlIoCh CAMbBIM 60AbWUM
U38ECMHBIM NPOCMBLM YUCAOM Ha IIPOTSHLKeHUH 75 jieT! MBI paccKaskeM 06 3TOM UyTh O60JIbIIe
B §4.

OTKpBITHE TPeX npedulecmayrousux IpocThIX uncesl MepcerHa M(9), M(10) u M(11), oipo-
Beprarolyux TO, YTO 0OBIYHO Ha3bIBAaETCS THUIIOTe30M MepceHHa, IIoTpe6oBasio ele 38 JieT.
VHTepeCcHO, YTO BCe OHHU OBLJIM OTKPBITEI AH06Uumesmu!

¢ /leesaimoe uucjio MepceHHa

M(9) = Mg1 = 2305843009213693951

15 JeppuxoM I'eHpu JlemepoM (1905-1991), my>kem IMMBI MapkoBHEI JleMep (1906-2007), KOTOPOTO He CIefyeT
yTaTh C ero oTIioM /leppukoM HopmoHoM JlemepoMm (1867-1938), Toke mpodeccopoM YHuBepcuTeTa KanmupopHunu
B BepKiIM, KOTOPBIM Takoke 3aHHMMAJICS POSHO TAaKOTIO >Ke pojia TeOpHel 4rceJl. BlipoueM, UX CHCTeMaTHYeCKH
He pa3jInyalT U 0CHOBHEIe 6a3bl JaHHBIX: B MatSciNet pa6oTsl /. H. Jlemepa He oIpefiesisIioTcs, a B ZBMath
npunuceiBaroTed /[, I'. JleMepy. [I03TOMy eJUHCTBEHHBIHN CII0CO6 COCTOMUT B TOM, YTOOBI CMOTPETh CAMHU TEKCTBI
craTei. YIIOMSHYyTHIe flajsiee 06006111eHIs COBePIIeHHBIX uncell, 3To /JI. H. Jlemep. Ho B JaHHOM ciIydae pedb UeT
UMeHHO 0 pa6oTax /I. I'. JleMepa, COCTaBUBIIUX cofiepkaHue ero Ph. D. B 1930 rofy.

12 © KOMMbKOTEPHBIE MHCTPYMEHTbBI B OBPA3OBAHWN. Ned, 2020 .
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OTKpHLI B 1883 roxy UBaH MuxeeBuu HepBymHH16,17,18,19.

e /lecamoe ¥ 00uHadyamoe yrcjaa MepceHHa

M(10) = Mgg =618970019642690137449562111,
M(11) = Myo7 = 162259276829213363391578010288127

oTKpsLI Panbd IpHect Iayapce B 1911 rogy [278, 279] u B 1914 romy [280, 281], cOOTBETCTBEHHO.

Yucio Moz 610 ROCAEOHUM YUCIOM MepceHHa, OTKPBITHIM BPYYHYI0. BIipoueM, B CBOUX
BEIUMCJIeHUX caM [layapc rmosb3oBasicsa apupmomempom! Cireyroliue ABa IIPOCTHIX YUCIA
MepceHHa Ms521 U Mgo7 OBLIM OTKPBITHIL yoKe C UCII0JIb30BaHKEM KOMIIBIOTEPA, POBHO 3a [[eHb
1o ero cmepTu?’.

CaM Jlemep B 1927-1932 rogax saBepIIHI IIPOBEPKY IIEPBOHAYAJIBLHOTIO IIPEAII0I0KEeHU
MepceHHa, fl0Kas3aB, 4T0 Mps57 COCTaBHOe. B fasbHeIeM BEIsICHIIOCH, YTO HUA OJTHOTO HOBOI'O
IIPOCTOr0 YKc/Ia BUga My, p < 257, HeT, a CJIeyiolie IIpocTeie MepceHHa y>Ke ropas/o 6oJiblie
U BPSIJT JIU MOIJIU OBITh KOT/Ia-IM60 06Hapy KeHbI 6€3 KOMIIBIOTEepa.

2.4. 3apauv AnA CTYAEHTOB IKOHOMUCTOB

BripoueMm, ceroiHsi Ha GRITOBOM KOMITBIOTEPE MO>KHO IIOBTOPHUTEL HE TOJILKO BCE 3TH pe-
3yJILTATHI, HO ¥ pAaHHME KOMITbIOTEPHbIE BRIUMCIEHHS 32 HECKOJIBKO CEKYH/I. BoCIrpom3BeieM
HeCKOJIBKO 33/1a4 U3 [6], KoTOpble MBI ¢ Bostofieit XaTuHBIM (paKTHUeCKH IIPeIaraiy CTy[eHTaM
HaIIpaBIeHUH «MHQOPMAIIOHHEIE CHCTEMbI B 3KOHOMUKE» U «3KOHOMHUYecKasi KHOepHeTHKa.

3agaua. HatimuTe nepBbie 17 IPOCTHIX YKces MepceHHa U UCIIPaBbTeE BCE OIIMOKU B CITHCKE
MepceHHa.

OTBeT. MOXXHO, HAIIpHUMeD, TaK:

Select[Table[2"Prime[n]-1,{n,1,400}],PrimeQ]

16 Cenpbexmit cBsIeHHUK VBaH IlepBYIIINH ObLI cTapIIuM U3 17 feTell B ceMbe, YTO C leTCTBa BhI3BAJIO Y HETO
HHTepec K IIPOCTHIM YHcIaM. BripoueM, Bukunenus yTBepsK/jaeT, UTO B ceMbe ero poAuTesel 651710 Bcero 16 freTel,
4T0, KOHEUHO, 00'BSICHSIO GBI eT0 MHTepecC K CTeIleHsIM JBOMKU. /1o OTKPBITHS IpocToro MepceHHa Mg B 1877 rogy
OH HallleJI IIPOCTOH JiesiuTesb y unciaa epma Fip, a B 1878 rony y uncia ®epma Fo3. /10 Hero HaWTH HOBBIE [JeIUTeIN
y umces ®epMa I10JIy4IasoCh TOMLKO Y diepa u Kiay3eHa 1 0JHOBpeMeHHO ¢ HUM — Y JII0Ka.

17Kak 0TMeTHII pelieH3eHT, B CUTYaIlHH, KOIZ]a B ceMbe 17 fieTel, HHTepec K IIPOCTHIM YHC/IaM {0JDKeH BOSHHKHYTh
y Maadutezo pebeHKa. ABTOP YIIYCTHJI 3TO OUeBH/[HOE cooOpakeHHe.

18 4 He cMoOT HAFTH OPUTHHATIBHYIO Ty 6IHKAIMI0 IIepByIIIHHA, a TOJIHKO YIIOMUHAHYE €ro Pe3y/IbTaTa B Bio/uieTere
IleTep6yprckoit AkazieMHuHu. BOT >KMBOIIMCHBIN GparMeHT U3 Joklafa MMineHenkoro u ByHsakosckoro: “Tout en
laissant a la charge de I'auteur la responsabilité pour ’exactitude du résultat qu’il a obtenu au bout de ses longs et
fatigants calculs, — nous devons constater, pour sauvegarder son droit de priorité, que 1° Le manuscrit du pére
Pervouchine contenant sa communication de ’'année 1883, est déposé aux Archives de notre Académie; ce
document est accompagné de quelques tables, calculées par ’auteur, et destinées a faciliter la vérification du résultat
qu’il a obtenu” [178].

19 «KpoMe Toro, 65L1a emre craThs (C a tala n) mo aToMy BOIIPOCY, HO C 3TOM CTaTheH $, K CoyKaJIeHUI0, OB JIUIIIeH
BO3MO>XHOCTH II03HAKOMHUTHCS, TAK KaK 51 3TOT0 )KypHaJsa He Mor B MOCKBe HUTZe focTaTb» [11].

20 BocrpousBey Hekposior [Iayapca, HalMcaHHBIHM JleMepoM /11 AMS, B KOTOPOM YIIOMHUHAIOTCSI 06a 3TH 06CTOSI-
TesbcTBa: “This amateur mathematician died on Jan. 31, 1952, at Puente, California. He would have been 77 years old
on April 27. Mr. Powers was more responsible than any other man for the demonstration of the failure of Mersenne’s
conjecture. He proved that 289 —1 and 2197 — 1 were primes, and that several other Mersenne numbers were composite
by long and laborious desk machine calculations. He was not aware of the discovery, the night before his death, of two
new Mersenne primes (MTAC, v. 6, p. 61). Mr. Powers was born in Fountain, Colorado, and spent most of his life in
Denver”.
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ToImopHo, HO [iJIg CTOJIb MaJIEHbKHX UMCeJI 3TO He MMeeT HUKAKOI0 3HaUeHus. HaltoMHUM, 4TO
¢yuknug Select[list,crit] ocyiecTBisgeT BbIOOP 3JIeMEHTOB U3 CIIKCKA 1ist, yaoBiaeTBo-
PSIOIIHX KPUTEPHIO Crit. B JaHHOM caydae M3 CITHCKa IIepBBIX 400 uncesn Buma 2P — 1, rmoe
p TIPOCTO€, BEIOUPAIOTCS YU CJIa, YIOBJIETBOPSIOIINE KPUTEPHIO PrimeQ, oCyIecTBISIOIEMY
IIPOBEPKY Ha IIPOCTOTY.

KpoMme Bcex ywuces, OTKPBITBIX BPYYHYIO, IIPH 3TOM II0JIy4aTCad U IIePBBIe IIATH HOBBIX
IIPOCTHIX Umces MepceHHa, OTKPHITHIX PadasieMm Po6uHCOHOM B 1952 romy y»Ke ¢ IIOMOIIHI0
KOMIIBIOTEPA, B TOM YHCJIe Te IBa OTKPLITHIX B SHBAape, KOTOpbIe yIIOMHUHAaeT JleMep. Y HUX 157

uudp

M(13) = Msp; =68 64797 66013 06097 14981 90079 90813 93217 26943 53001 43305 40939
44634 59185 54318 33976 56052 12255 96406 61454 55497 72963
11391 48085 80371 21987 99971 66438 12574 02829 11150 57151

U, COOTBETCTBEHHO, 183 IUQpHI:

M(14) = Mgp7 =531 13799 28167 67098 68958 82065 52468 62732 95931 17727 03192
31994 44138 20040 35598 60852 24273 91625 02265 22928 56688 89329 48624 65010
15346 57933 76527 07239 40951 99787 66587 35194 38312 70835 39321 90317 28127

SICHO, UTO NIPOCTOTY 3TUX UHCeJI OBLIO OBl KpailHe 3aTPYSHUTEIHLHO IIPOBEPUTE BPYUHYIO. B cie-
IYIOIIUX TpexX uuciax M(15) = Myz79, M(16) = Mooz 1 M (17) = M>ag), OTKPBITEIX POOGMHCOHOM
B HI0OHe—0KTg6pe 1952 rofa, yxxe 386, 664 1 687 riudp, COOTBETCTBEHHO, U 1 He 0Yy BOCIIPOU3BO-
IUTH UX 37ech. MBI BepHeMCs K UX 00CY’KIeHHIO B CiIe[lyIoliieM Iraparpade.

3a/1aqa. Harmummure IIporpaMmy IuId BEIYUCIICHUS YU CEJI JItoka.

OtBeT. II0CKOIbKY peKyppeHTHas IporpaMMa OYeBHUHA, OTPAHHUYHMCS IIepedrcIeHHeM
HEeCKOJIbKUX HEPBBIX Lj:

L,=14, L3=194, L[,=37634, Ls=1416317954,
L = 2005956546822746114,
L7 = 4023861667741036022825635656102100994.

Yucsia JIroKa J0BOJBHO GBICTPO PACTYT, yoKe y Ligo 6osbIte, yeM 1027 mudp.
3amaua. HamummTe TecT IMPOCTOTHI UHcesa MepceHHa, OCHOBaHHBIM Ha KpUTepHH JIoKa—

JleMepa, ¥ CpaBHUTE CKOPOCTH ero paboTsl ¢ PrimeQ.

3. HEPYKOTBOPHbIE MPOCTbIE YAC/IA MEPCEHHA

Mexzay 1914 1 1952 rolaMu He 6BLI0 OTKPBITO HU OJJHOT'0 HOBOT'O IIPOCTOr0 MepceHHa, a BCe,
KOTOpBIe OBLIM OTKPBITEI II0CJIE 3TOT0, OBLIM OTKPBITHI C MCII0/Ib30BAaHUEM KOMIIBIOTEPOB.

3.1. HoBble npocTbie yucna MepceHHa: 1952-1996

HcTopHrs OTKPBITHS ITPOCTHIX UKceI MepceHHa 0T Havayia KOMITLIOTEPHOM 3TT0XH JI0 IIPOEKTa
GIMPS neTasIbHO U3JI0’KEHA B IIepBOii r1aBe KHUTH KeliTa /leBrHA «30JI0TOH BeK MaTeMaTHU-
Kui» [97]. IlepBble IMOMIBITKH HANTH HOBBIE IIPOCTHIE MepceHHa IMPH IIOMOIIY KOMIILIOTEPOB,

14 © KOMMbKOTEPHBIE MHCTPYMEHTbBI B OBPA3OBAHWN. Ned, 2020 .
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BIOpoYeM Oe3yCIIelHble, IIpeATTpuHLIN MakcBest HeroMaH 1949 rony u AsaH TeropuHT B 1951
rofy. BoJIBIIMHCTBO K3 TeX, KTO OTKPBIBAJ 4HcJja MepceHHa B Te To/bl, OBLIU B UIpPe, OHU
podecCHOHaILHO 3aHUMAJIUCh JTU0O0 TeOpHel Yrcel, IM60 KOMIIbIOTEPHBIMY BEIUYUCIEHUSIMU.

o Kak y>ke yIIOMsIHYTO B IIpe/ibIAyIleM aparpade, 30 sHBaps 1952 rozia Padgassib Po6uHCOH!
OTKpPBLI Ha KoMIIbroTepe SWAC (= Standards Western Automatic Computer) HarjpioHaJIbHOIO
Bropo CranzmapToB B JIoc AHJKeJiece CiIeyIOIMe ABa IIPOCTHIX MepceHHa, a I103’Ke B TOM Ke
TOZy ellle TPH:

M(13) = Msp, 157 mudp 30.01.1952
M(14) = Mgo7 183 rudp 30.01.1952
M(15) = M) 279 386 udp 25.06.1952
M(16) = Ma 503 664 b 07.10.1952
M(17) = Ms g, 687 udp 09.10.1952

JT0 6BLIM caMBble 6OJIBIIINE IIPOCTHIE YK CJIa U3BECTHEBIE B TO BpeMd. Ha camoM zeste PobuHCOH
IIPOBEPHJI HA IIPOCTOTY BCe Yucia MepceHHa M), it p < 2297. [lyist unciaa My 231 COGCTBEHHO
BBIUMCJIEHHE (TT0C/Ie HAaTUCAaHUS U OTJIaAKU IporpaMMBbl) 3aHsI0 Ha SWAC okoJs1o 4aca. [l
cpaBHeHUs, MakKIUBUTT [225] IPpUKUBIBAET, UTO OT UYeJI0BeKa, BOOPYKeHHOTI'0 KapMaHHBIM
KaJIbKYJIITOPOM, BEIUHUCIIEHHUE TTO0OHOTO 06 beMa II0TpeboBaio 661 0K0JIO 50 HOpMAaIbHBIX
pabouux jieT. CMeINIHO fake JyMaTh, YTO KaKOe-TO U3 60JIbIINX Yrces MepceHHa MOIJIO 65l
K020a-/1u60 OBITH OTKPBITO YEJIOBEKOM — unless. ..

OTKpEITHE IIOCJIEe 75-JIeTHEro IlepepbiBa OOJIBIIUX IIPOCTHIX YHCEJI OBLJIO, HECOMHEHHO,
ceHcaryell. B nCTOpu4yecKOM KOHTEKCTe 3TO COObITHEe 06CyKAarT Jlemep [215, 216], Xopac
Viep [346-348], Térep banr [18] u XaHc Pusens [302]. OCHOBHBIE HjeH U HEKOTOPEIE JleTaIl
BBIUKCJIEHUU IIpe/ICTaBJIEHbI B Upe3BbIUYaiHO HHTEPECHOM cTaThe caMoro Po6uHcoHa [307].

¢ B 1957 roay XaHc Pusesn’? Hares1 Ha epBOM IIBEICKOM JaMNO80M KOMIIbIoTepe BESK
(= Binar Elektronisk Sekvens Kalkylator), Ha koTopoMm oH paboTas ¢ 1953 roza, cienyroimee
npoctoe MepceHHa [303, 304]:

M(18) = M3 17 969 rudp 08.09.1957

e B 1961 roxy Anexcanap I'ypsur; Ha IBM 7090 B UCLA OTKpHLI CIeAyIOIHe ABa IIPOC-
ThIX MepceHHa [174]. [Io TeM BpeMeHaM 3TO OBLJI BIIOJIHE CEPbe3HBbINI KOMIIBIOTED, YoKe Ha
mpaH3ucmopax, KOTOpbIi Co3iaBaJICs CIIeITMaIbHO I HayYHBIX BRIUMCIEHUH U CTOWI 2-3M
USD. TeM He MeHee, IIpoBefieHUe TecTa JIroka—J/leMepa a1 M (20) moTpe6oBaso Ha HeEM 50
MUHYT MaIllTMHHOI'0 BpeMeHH — Cero/iHs, KOHEYHO, JII060e KapMaHHOe YCTPOMCTBO CIIPaBJILeTCs
C 3THM 3a CeKYH/[HL.

M(19) = My 253 1,281 mmop 03.11.1961
M(20) = M4’423 1,332 HH(l)p 03.11.1961

B crathe Cendppumka u I'ypBunia [316] MOKHO HAUTHU OIKMICaHME BCTPETUBIINXCS IIPU 3TOM
po6JsieM. IIOHSITHO, UTO CAMO YMHOKeHHe MHOTO3HAYHBIX YKCeJI B TO BpeMs 6bLI0 IIpo6eMot
U 110Tpe60oBaIo paspaboTKH HOBBIX aJITOPUTMOB, OCHOBaHHEBIX Ha FFT. Ho 6511 1 COBepIIIEHHO

21 Tor camsrit Padasis Po6MHCOH, 3HAMEHUTHIN JIOTHUK, MYyX [)Kys1nu PO6MHCOH.
22 ToT campIit XaHC Pu3els, KOTOPBI U3BECTeH CBOMMH Pab0oTaMH 110 GaKTOPHU3AIH unces Buza k-2 + 1: tect
JIroka—J/leMepa—Pu3seJis, uyrciia Pusesis, perrero Pusess U T. 1.
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HEOXHUJaHHBIE UId HallTuX CerOaHAIITHIX IOHATHU Hp06JIeMI>I, HaIIpy¥Mep, BOSHUKHOBEHHE
MaWWHHBIX cboeB U pacxomenuﬁ B OTBeTaxX MeXAy PasHbBIMH KOMHBIOTepaMI/I!

¢ B 1963 roxy Jloranbn Joxusmnc Ha ILLIAC 11 oTKpHLTI eltle Tpu uncaa MepceHHa [128]:

M(21) = My gg 2,917 udp 11.05.1963
M(22) = Mg g41 2,993 nudp 16.05.1963
M(23) = My1.213 3,376 udp 02.06.1963

B mericTBUTeNbHOCTH JloHAABA [PKHJLIUC OBLI OMHUM U3 pa3paboTunkoB ILLIAC II, u mo-
ucK yrces MepceHHa ObLT YacTBI Mecmupo8aHus TOJIbKO UTO COOpaHHOM B YHUBEPCUTETE
WnmuHoca, Ypbana—IllaMaHb, CUCTEMBI, KOTOPOe IIPO/I0JDKaIOCh IIPUMEPHO TpU HeflesTu. Ma-
IIWHHBIE CO0U IPOJ0/DKAIN CBUPEIICTBOBAaTS, [>KUJIJIMC HalllesI OITUOKY B Tabsuilax ['ypBuIia,
no3xe TakepMaH HalzieT oIMUOKU B Tabaunax /Joxustumca [338].. . .

e Tosibko B 1971 rony bparanT TakepMaH Ha IBM 360/91 Hales 24-e uucjio MepceHHa
[337]:

M(24) = Myg 937 6,002 rudp 04.03.1971

TakepMaH 110 06pa30BaHUIO TOIIOJIOT, HO 3a IIATh JieT paboTsl B IAS ¢ /I>koHoM ¢oH HelimaHOM
nepeyunicd Ha Computer Science ¥ K MOMeHTY OTKPBITHS M (24) MHOTO JIeT paboTaJsl B UCCIef0-
BaTeJIbCKOM oTAese IBM. [TapasuiesibHO ¢ HUM IToucKkaMu M (24) saHuMauch Maukil CiecuHep
u Puuapy IlIpenttesns B MIT. OHH ipuaymasy 60s1ee 6BICTPBIA aJITOPUTM [T YMHOKEHHUsI 60JIb-
ITUX YucesI (OH OIIMCAaH BO BTOPOM ToMe KHyTa), HO JIyUYIIIUH aJITOPUTM IIPOUTIPAJL JIyUIlIeMy
obopymoBaHUmo: “don’t force it, take a larger hammer”. Cieyroriue ABa AeCATHIETHS ObLIA
COpeBHOBaHMUEM 0O0JIBIITHUX MaIllUH.

¢ B 1978 roxy JlaumoH KypTt Hosut u Jlopa Hukesns Ha CDC Cyber 174 Hanwiu 25-e 4HCI0
MepceHHa, a Bckope B $peBpaJie 1979 roxa Host Hatttesn u 26-e, [244]:

M(25) = Ma1.701 6,533 1udp 30.10.1978
M(26) = Ma3 209 6,987 udp 09.02.1979

3To cOBBITHE TI0IaJI0 BO BCe Ta3eThl, TaK Kak Hosur*® 1 Hukesb B TO BpeMs 6bUTH 18-TTeTHUMH
MIKOJIbHUKaMHU. K MOMeHTY OTKpBITHSI M (25) OHHM TpHU rofia paboTau HaJl 3STUM HPOEeKTOM U
mosryuymin 350 yacoB MaIlIMHHOTO BpeMeHU Ha Cyber 174 B Kammyce YHuBepcuteta Kanudop-
Huu B UcT Bait (Xeityopm)**.

e B 1979 rogy Xappu HesibcoH H [laBuy C1oBUHCKUM Ha Cray 1 HAILIK 27-e 4KcI0 MepceHHa
[323], a yuepes TpHU € IIOJIOBUHOM I'Ofja, Bce ellle Ha Cray 1, CJIOBUHCKUI HallleJI ellfe 0{HO TaKoe
YUCII0:

M(27) = Myg 497 13,395 mudp 08.04.1979
M(28) = Mgg 243 25,962 LHdp 25.09.1982

Xappu HeslbcoH 6BLI OTHUM U3 KJIFOUEBHIX pa3pad0TUYNKOB HU3KOYPOBHEBBIX OIlepPalliOHHBIX
CUCTEeM [JI1 CYIIepKOMIIbIOTEepPOB. IIpu ycraHOoBKe Cray-1 B JIuBepMopcKoi HarfuoHaIbHOMU

23 Houn TIPOJI0JDKIJI 3aHUMaThCsd paKTopHu3aruel U fajblile, Ha ero crpaHuIie http:/www.isthe.com/chongo/index.
html M0o>KHO HaWTH UHTepeCHbIe CCHUIKH, IIOCBSIIIEHHbIE 3TOMY JIeJTy.

24 [TpescTaBbTe cebe, CKOIBKO CTOMII MECSI] PAGOTHI TAKOM MAIIFHEI B TO BDEMSI — Y MEHSI eCTh THIIOTe3EI O TOM,
KaK IIKOJIbHUKH MOTJIH ITOJIyYHUTh K HEH JOCTYIL, HO I CTECHSIOCH UX BHICKA3bIBATh.
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JlabopaTopuu OH IIpHBJIeK IIporpaMMucTa Cray Research Inc. [aBuma CJI0BHHCKOIO JAJIS
pas3paboTKu pyTHH IIPHEeMOYHOr0 TeCTUPOBaHUs. B kayecTBe cyb6cTpaTa sl TaKOM PYTHHBI
CJIOBMHCKHI BhIOpaJI IIOMCK O0JIBINTHUX IIPOCTHIX MepceHHa. [Ipy 9TOM BO3HHKJIA Macca TeXHU-
YeCKUX MOMEHTOB THUIIa OBICTPOr0 YMHOKeHMsI MHOTO3SHAUHBIX UHCeJI, IJI1 3TOT0 OBLIT UMILIe-
MeHTHUpOoBaH ajaropuTtm llenxare—IllTpacceHa 1971 rozxa U T. &. B ajbHeUIIeM 3TU PyTUHEI
UCII0JIb30BAJIUCH IIPU TeCTUPOBAaHUH BCeX CYIIePKOMIILIOTEPOB Cray, ¥ caM CJI0OBUHCKUM, Ya-
CTUYHO COBMecTHO ¢ ITosteM KelimxkeM, OTKPELL, KpoMe M (27) u M (28), elte namb HOBBIX IIPO-
CTBIX MepCceHHa, YTO SIBJIAeTCI MUPOBEIM peKopZoM. OCHOBaHHEIe Ha 3THUX HUJlesX IIPOrpaMMBbl
nof, apyrue miaT$opMel, HaucaHHble Pudapaom KpsHpaswioMm u [pKopakeM BoabTMaHOM,
IIPUBEJIN K OTKPBITHIO 8CeX OCTAJIbHBIX U3BECTHBIX CerOLHS IIPOCTHIX MepceHHa. Mup yxe
HUKOI/Ia He CTaHeT IIPesKHUM.

e Cireiyroliiee YucJIO CUJIBHO BEIIIaZaeT U3 XPOHOJIOTUH, ero OTKPBLIU Yosrep KoJIKBUTT
u JIrok Vauartr Tos1bK0 B 1988 rogy Ha cyrepkoMIibiorepe NEC SX-2 B McciiegoBaTesibCKoM IleHTpe
XbrocTOHa [82]:

M (29) = Mi10,503 33,265 qudp 28.01.1988

K sToMy MOMeHTy 6BLIH y>Ke U3BeCTHBI ropasfo 6osbinre uuciaa M(30), M(31), OTKpBITEIE
CJIOBUHCKUM IIpU TECTUPOBaHUM HOBBIX Mojiesiet Cray.

e JlsBuy CiioBuHCKUY Ha Cray X-MP u Ha Cray X-MP/24, COOTBETCTBEHHO:

M(@30) = M132,049 39,751 III/I(I)p 19.09.1983
M@31) = M216,091 65,050 udp 01.09.1985

Hy H, HAKOHEII, HOCJIe,I(HI/Iﬁ adKKOp[, OJHa MallliHa, OJHO YHCJIO, C IEPHUOAUYHOCTBIO IBa I'ojia.

o Tpu noceHUX MPOCTHIX MepceHHa, HalJeHHBIX Ha O0JIBIITNX MAIlIHHAaX, ObLIA OTKPBITHI
B 1992-1996 JaBunom CiroBuHCcKUM U [TosreM Keimxkem Ha Cray-2, Cray €90, Cray T94:

M(@32) = M756,839 227,832 HI/IQJP 19.02.1992
M(33) = Mgs9 433 258,716 udp 04.01.1994
M(34) = M 257,787 378,632 nudp 03.09.1996

[Ipu oTkpeiTHH M (32) Hcnioab3oBasca 6ykBaiabHO Maple! Ho B 3TOT MOMEHT AMHO03aBPOB BEI-
TeCHUJIU MJIEKOIIUTAIOIIHe.

3.2. Great Internet Mersenne Prime Search: 1996 onwards

B auBape 1996 roga J>kop/ oK BobTMaH OpraHU30BaJl IIPOEKT paclpe/e/IleHHBIX BEIYHCIe-
Huit GIMPS?® = “Great Internet Mersenne Prime Search”, cMm. [365-367]. /lyIlIot 3TOro IpoeKTa
SIBJISeTCsl HallMcaHHas BoJbTMaHOM IporpaMMa Prime95, TecTHpyIOIas YKc/Ia Ha IIPOCTOTy-.
KpoMe caMbIxX OBICTPBIX Ha CETOIHSI aJITOPUTMOB YMHOKEHUS 60JIBIITHUX YHCes U COGCTBEHHO

25 o odUITHaIBHBIN calT https://www.mersenne.org/, Ha3BaHHe IIPOeKTa IIPOU3HOCUTCS 2UMNC.

26 { 1e 3Ha¥0, MIMeEJIOCK JIH 3TO B BHY H3HAYAILHO, HO Prime95 cTajIo J0GHMBIM CPeACTBOM IS TeCTUPOBAHHUS
crabmibHOCTH cucTeM: “Prime95 has been a popular choice for stress/torture testing a CPU since its introduction,
especially with overclockers and system builders. Since the software makes heavy use of the processor’s integer and
floating point instructions, it feeds the processor a consistent and verifiable workload to test the stability of the CPU
and the L1/L2/L3 processor cache. Additionally, it uses all of the cores of a multi-CPU/multi-core system to ensure
a high-load stress test environment”.
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Kpurepud JIroka—J/leMepa, B Hell UMILIEMEHTHPOBAaHEI IIPOOHOE JleJIeHHe, TeCTHI IICEBOIIPOCTO-
TBI, JITOPUTM JIeHCTPEI, aJropuT™ Ilostapzia U Ky4da JPYTHUX Belllei.

B nipoexTe nprHUMAaeET ydacTHe IIPUMeEPHO 250 ThICAY YeJI0BEK U 0KO0JIO 2,5 MHUJIJIMOHOB
KOMIIBIOTEPOB, C KCII0JIb3YeMOH 1A I1eJIell IIPpoeKTa CyMMapHOM IIPOMU3BOAUTETBHOCTHI0 0KOJIO
1,5 sx3adorcoB”’, KOTOphIe MOIYJaoT TeKYIYI0 BePCHIO0 IIporpaMMBI Prime95 (B HacTosIIee
BpeMs BepcHio 30. 3), He06X0{MMble HHCTPYKIIUH ¥ UHTEPBaJI IIPOCTHIX IKCIIOHEHT p, B KOTO-
POM OHH HIIYT IIPOCThIe YrcIa MepceHHa M), TH60 BEPUGHUITUPYIOT IPE/IBIAYIIHe BHIYHCIEHMUS.
Bce nocsieiHre HOBEIE IIPOCThIe MepceHHa, HaUWHAasA ¢ Hod6pst 1996 roza, B KoyimyecTBe 17 IITYK
OBLIU OTKPHITHI UIMEHHO B paMKax IpoekTa GIMPS.

BoT pesromMe ¢ ux opuIIHaJIBLHOrO carita https://www.mersenne.org/primes/ ¢ KpaTKUMHU
KOMMEHTapHUAMH.

M(35) = Mj 398,269 420,921 13.11.1996 Joel Armengaud 90MHz Pentium
M(36) = M3 976,221 895,932 24.08.1997 Gordon Spence 100MHz Pentium
M(37) = M3 021,377 909,526 27.01.1998 Roland Clarkson 200MHz Pentium
M(38) = Mg,972,593 2,098,960 01.06.1999 Nayan Hajratwala 350MHz Pentium 2
IBM Aptiva

UTO0O6HI JIydllle IIOHUMATh BEJIMUUHY 3THUX YHCEJI, HAIIOMHIO, YTO Ha CTPaHUIle KHIDKKHU
cTaHapTHOro ¢popmara 0Kosio 2000 3SHaKOB. ITO 3HAUUT, UTO IIPOCTO JJIS AECITUYHON 3aIIUCU
yucaa M(38) Hy)KHa KHIDKKA ToIIIHHOM 1000 crpaHull. TeM He MeHee, MBI MO>KeM IIPOBEPUTH
IIPOCTOTY 3TOT0 YKCJIa U ieJIaTh 0 HEM JPyrue OCMBICIeHHBIe BRICKa3bIBaHUA. IIpH 3TOM [ajlb-
HeUIIre YucJIa ele ropaszo ropasgo 60Jbline — Beib KOJIMYECTBO JeCITHYHBIX 3HAKOB pacTeT
KakK JIoTapru$M UHCJIa, @ He KaK CaMo 3TO YHUCJIO.

ITocste atoro Hactynu Y2K, u mpoctoe MepceHHa M (39) CTOUT HECKOJIBKO OCOOHSIKOM.
KcraTH, 0HO eJMHCTBEHHOE U3 BCeX OTKPLITO Ha PC ¢ riporteccopoM AMD.

M(39) = M13,466,917 4,053,946 14.11.2001 Michael Cameron 800MHz Athlon
Thunderbird

Crnemyrompe ISTh IPOCTHIX MepceHHa, eC/IH pacCMaTPHUBaTh KOJIMYECTBO MUGP KaK QyHK-
IIUI0 OT BpeMeHHU UX OTKPBITHS, IIOYTH H/leaIbHO JIOYKATCd Ha IIPIMYIO:

M(40) = M20,996,011 6,320,430 17.11.2003 Michael Shafer 2GHz Dell
Dimension
M(41) = M24,036,583 7,235,733 15.05.2004 Josh Findley 2.4GHz Pentium 4
M(42) = M>s5,964,951 7,816,230 18.02.2005 Martin Nowak 2.4GHz Pentium 4
M(43) = M30,402,457 9,152,052 15.12.2005 Curtis Cooper 2GHz Pentium 4
Steven Boone
M(44) = M35 582,657 9,808,358 04.09.2006 Curtis Cooper 3GHz Pentium 4

Steven Boone

ITpu saToM IpocToe MepceHHa M (43) mociaeHee, 0 KOTOPOM MBI ¢ Bosogelt XaJIMHBIM 3HaIU
BO BpeMs paboThI Haf [6], ciemyromtee uncao M(44) Tyna yke He moIiajo. Meskay TeM, 3TO
Ypes3BHIUAaHO HHTepecHoe yuciao. Kyrep u ByH cTasmu nnepBbIMH yuacTHUKaMU GIMPS, koTopkle

27 3K3a¢I0IIC = KBUHTH/UIMOH = MEJLTHOH MIJLTHOHOB MIJLTHOHOB OIIePAIIHii C IUIABAIOIei TOUKOH B CEKYHIY.
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OTKPBLIU 60JIBITIe OJHOI0 HOBOTO IIpOCTOro MepceHHa. /lyIs1 BRBIYUCIEHUHY OHU UCII0Ib30BaIN
KJIacTep U3 IpUMepHO 850 KOMIIBIOTEPOB.

ITocsie sTOro IIPOM30IILIA OYepeAHas UCTOpHYEeCcKasl aHOMauIus: IpocToe MepceHHa M (47)
OBLJI0 0OHAPYKEHO paHbIIle, UeM JBa IIPeIbIIyIIUX:

M(45) = M37,156,667 11,185,272 06.09.2008 Hans-Michael 2.83GHz Core2Duo
Elvenich

M (46) = M2 643,801 12,837,064 04.06.2009 0dd M. Stridmo 3GHz Core2

M(47) = M3 112,609 12,978,189 23.08.2008 Edson Smith Dell OptiPlex 745

ITociegHMe YeTHIpe IIPOCTHIX MepceHHa OTKPBITHL B 2013-2018 rofax, HO KX HOMepa I10Ka He
IOATBEP;KEHE], TaK KaK He Bce MeHbIIIHe YyrcIa MepceHHa IIPoBepPeHEl Ha IIPOCToTy. IIoaToMy
HX HOMepa MOTI'YyT H3SMEHUTHCS.

M(48%) = Ms7 885,161 17,425,170 25.01.2013 Curtis Cooper Intel Core2Duo
E8400 @3.00GHz
M(49%) = M74,207,281 22,338,618 07.01.2016 Curtis Cooper Intel i7-4790
@3.60GHz
M(50%) = M77232,917 23,249,425 26.12.2017 Jon Pace Intel i5-6600
@3.30GHz
M(51%) = Mg 589,933 24,862,048 07.12.2018 Patrick Laroche Intel i5-4590T7
@2.0GHz

3abaBHO, UTO BCe 3TO OBLIO CAeJIaHO Ha CaMbIX N€MOKPAaTHUYHBIX OBITOBBIX KOMIIbIOTEpax,
HWHOIda CO CjIerKa pa3OorHaHHBIM IIPOIIECCOPOM.

4. ®AKTOPUSALNN YACEN MEPCEHHA

O6paTHMCcs Tellephb K Pa3I0yKeHUI0 Ha IIPOCThle MHOXKHUTEIH TeX urces MepceHHa, KOTOphIe
He SIBJITFOTCSI IIPOCTHIMU. [l UHCeJI TAKOTO pa3Mepa YCTaHOBJIEHHE TOTO, UYTO OHU He SIBJISTIOTCS
TIPOCTHIMHY, COBEpPIIIEHHO He 0O3HauaeT BO3MOXKHOCTU IIPebSIBUTH XOTS GBI OAMH IIPOCTOH
nenuTenb. Bosee TOTO, fake 3HAHHE OJTHOTO MJIM HECKOJIBLKHUX ITPOCTHIX JIeTUTENIeHl KaKOoTo-
TO YHCJIa COBEPIIEHHO He 03HauaeT BO3MOYKHOCTb Pa3JIOKUTH 3TO YHCIO0 Ha MHOXKUTEJIH.
MHe COBEPIIIEHHO HeSICHO, UTO MOTJIa GBI 03HAUYaTh OCHOBHAS TeOpeMa apuOMeTHUKH B UHCTO
¢uHUTHOM MUpe. JIeTKO IIPe/ICTaBUTH cebe CUTYAI[HIo, KOI7[a MBI MOYKEeM 3aIIHCaTh CaMO YHCII0
U IIPOBEPUTH, YTO OHO He IIPOXOJUT KaKOH-TO TeCT IPOCTOTHI, HO IIPH 3TOM Y TAKOTO YHCJIa
HeT HUKAKUX IIPOCTHIX JeIUTeel, Tak KaK UX HeBO3MOKHO HHKAaKUM 00pa3oM BHIPa3UTh
CPEJICTBAMHU UCIIOJb3YEMOI'O HAMU f3BIKA.

4.1. dakTopusaumm uncen MepceHHa

Hctopus paHHUX paKTopusaliui unrces MepceHHa OUeHb JleTaJlbHO U3JI0KeHa V JIUKCco-
Ha [101] 1 Apuunbasbza [15], rje MO’KHO HalTH CCBIIKK Ha OPUTHHAIbHEIE PA0OTHL.

B cBs13u € TeM yIIpa’kHeHHeM, KOTOpOe MBI IIpefijiaraeM IIpoZiesiaTh B CIeyI0IeM ITyHKTE,
HHTePeCcHO, UTo ellle B 1935 rofly — TO eCTh y>Ke I10CJIe OCHOBHBIX paboT Jleppuka JlemMepa Ha 3Ty
TeMy! — He ObLJIIO U3BECTHO, SIBJITIOTCS JIU YUcaa Mis7, Mig7, M193, M99, M227, Mo29 TIPOCTEIMU
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WJIN COCTaBHBIMMU. IIpo unicaa Mgy, Myo3, Miog, Mi37, Mi3g, Mya9, Moy, Mos7 OBLIIO U3BECTHO,
4TO BCe OHHU COCTaBHbIe, HO IIPH 9TOM /JIs1 HUX He OBLJI0 M3BeCTHO HU OJJHOIO IIPOCTOTO JeIuTes!
Tosbpko B 1944-1947 rogax Xopac Yiiep mpu rmoMmolny recra JIroka—J/leMepa yCTaHOBIIL, YTO BCe
0CTaBaBIIIMeCd 10 ITOI0 HEPaCCMOTPEHHBIMU YK CJIa COCTaBHbIE, He IIPebsABJILsA, BIIPOUEM, UX
pasIo’KeHUs Ha MHOXKUTEJIH.

[TosToMy 151 BEIpab0TKH YyBCTBA UCTOPUYIECKON IIEPCIIEKTUBEI 1 KOPOTKO BOCIIPOU3BELY
HCTOpHI0 fakmopusayuii uricest MepceHHa M), p < 257, BBIIIOJHEHHEBIX 6pyuHyto 10 1947 roga.
ITU pe3yJsbTaTHl OBLIM CHCTEMAaTHUYECKH IIPOBEPEHE], UCIIPaBJIeHbl U JOBeJeHbl 10 KOHIa
TOJILKO B cepefiriHe 1960-X rofi0B, HO y>Ke Ha KOMIILIOTepe.

e IlepBOe IPUHITUIINAJIbHOE IIPOABIDKEHUEe IIPUHAJIEKUT e PepMa, KOTOPBHIU 3aMeTUJI
CpaBHEHUS [ CTelleHel («Masiasi Teopema PepMar) U, pyKOBOJICTBYSICh 3TUM, Hallles B 1640 ro-
Iy MJIaZIIMe IIPOCThIe JesIUTeu uncesa Mo3 U M3, paBHBIe 47 1 223, COOTBETCTBEHHO.

e B masibHedIeM K 3TOU 3aZauye MHOTOKpaTHO Bo3Bpailnasca Jiiep. Tak, B 1732 rogy,
pasBuBas unerw depma, OH YCTAaHOBUWII, YTO yucaa Mog, My3, M73 coCTaBHBIe, U HallleJl UX
MJIAJIIMe IIPOCThIE NeIUTeNH, paBHEIe 233, 431 439, COOTBETCTBEHHO, [JI1 3TOT0 MY IIPUIIIOCH
KasK[BIM pa3 IPOU3BECTH BCETro 084 fAesieHus!

e B TOM >Xe rofy OH IIPpOBepHJI, UTO yuciaa Mgs, Mi31, Mi79, Mi91, Masg, Mo51 TOXKe BCe
COCTaBHBbIe, U ITPeIbIBUII UX MJIAIIMe IIPOCThIe fesuTesau 167, 263, 359, 383, 479, 503.

e [ToTOM OH BO3BpAalllaJICa K 3TOH 3aZjlaye ellle Ba pasa C MHTePBAaJIOM [eBATh JieT. Tak,
B 1741 roxy oH Hallles MJIAJIINHI IIPOCTON AesIuTeNnb My7, paBHBIN 2351.

ITocsie 1750 rofia HACTYIIMIIO 3aTHIIbE, U IIOUCKU QpaKTOpHU3aliuil 60JbIINX Yrcel MepceHHa
BO300HOBUWJIMCH TOJIBKO B 1856 romy pa6otamu Poinure u IlaHa ¥ Ipogo/DKalIuCh B TAKOM
Iyxe erre 90+ jieT. YKa)keM TOJIBKO aBTOPOB U JaThl OTKPBITUSA MJIAAIINX IIPOCTHIX MHOKUTEIN
IJ1s1 yrcesl MepceHHa Mp, p < 247.

e M9, M113 1 M>33, Kaps I'yctas Porinuie, 1856.

e My, [bkoBaHHU AHTOHMO AMeqeo IlimaHa, 1856.
e Ms53 1 Msg, PopTrOH JlaHapy, 1867 u 1878.

e My7, M151, M211, Moo3, A. Jle Jlaccep, 1883.

e Mig7, Ansiad KaHHuHTEM, 1895.

o Mg, ®penk Hesbcon Koya?® [81], 1903 — K aToMy MOMeHTY U3 pa6oT JItoka, 1876, u ®o-
KeMbepra, 1894, y>Ke OBLJI0 U3BECTHO, UTO Mgy COCTaBHOE, HO OHU He IIPebIBUIN HU OSHOIO
IIPOCTOIO JeIUTEJIS.

o Mig3, M7, Ajutad KarHuHTeM, 1908 1 1909.

e Mg, XepbepT Bynmasr, 1911.

e Mi73, Ajutad KanHuHreMm, 1912.

Kaxk MBI y>ke yIioMuHaiHY, B 1876 romy JIroka 06 bIBHIL, UTO YUCI0 Mgy SIBISI€TCS COCTaBHBIM.
B 1894 rony ®okembepr 06bABUJI 3TO CHOBA, a IIOTOM ellle pas ABa wiu Tpu [115, 116]. ITocie
atoro Ilayapc, KanauurewMm, Jlemep, Vaep, bapkep [19, 91-93, 208, 209, 211, 212, 215, 282, 283, 340-
345, 363, 364] K 1947 1MOCTENEHHO [JOKa3aJIH, UTO BCe OCTAJIbHbIE UnuciIa Mp, p < 257, COCTAaBHBIE.
TaxuM 06pa3oM, farke pellleHHe y3KO ITIOHKUMaeMoH 3agaur MepceHHa 6e3 II0JIHOTO Pa3jIoyKeHUs
3TUX YHCeJl Ha MHOKUTEU 3aHSAJI0 POBHO TPUCTA JIET.

28 C aTum pasjio)KeHUEeM CBSI3aH U3BeCTHBIM UCTOPUYECKUI aHeKIOT 1o JieKIuio Koysia Ha MUTHHTe AMepHUKaH-
ckoro MatemaTuueckoro O61iectBa 31 okTs6pst 1903 rosia, Bo BpeMsi KOTOPO OH He IPOM3HeC HU OJTHOTO CJIOBA,
a IIpoCTO IIepeMHOKIJI Ha fiocke 193707721 Ha 761838257287 I1o3>Ke OH YyIIOMHHAJI, YTO JJI TOTO YTOOBI HAUTH 3TH
JleJIiTesH, eMy IToTpe6oBasuch "three years of Sundays."
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IToToM Te >Ke aBTOPEL, a Takke bukmop, AHape JKepappad, Mopuc bopucoBuu Kpaiiuuk,
[Toss Iyute [28, 29, 199, 200] 1 ApyTHe CTPOUIN HOBBIE IIPOCTHIE [IeJIUTe N, UCIIPaBJISLIU OIIHNOKHU
B IIpeBIAYINUX TEKCTaxX U T.[. B 061eM, Bce 3TO IPeBpPaTU/IOCh B MaJIEHbKYI0 HHAYCTPHIO,
KOTOpasi 3aHUMaJIa BCeX 3TUX JI0CTOMHBIX JIF/lel HeCKOJILKO IeCaTKOB JeT>” ., Jl/ig pasHoo6pasus,
B CJIeYIOIIEM IIYHKTEe MBI IIpe/ijlaraeM IIOBTOPUTE BCe 3TU BEIUUCIEHUS 38 HECKOJIBKO MUHYT.

B IeficTBUTEIFHOCTH, fake POOMHCOH B 1952 rojTy mepeIpoBepII TOJIHKO IIPOCTOTY YHUCEJT
MepceHHa, HO He 3aHUMaJICA UX QaKTUUeCKUM pasyIoKeHUsIM Ha MHOKUTeIU. TaKue BEIUUCIIe-
HU4 OBUIM IIPOBEJIeHbI TOIBKO K Hadary 1960-x rogoB. HaCKOJIBKO s IOHUMAal0, OKOHUAMEAbHbLI
OTBET IIOJIyY€eH TOJILKO K cepeguHe 1960-x rofoB. B paborax Po6uHcoHa, Jlemepa, bpuuixap-
Ta, /I>KoHcoHa, Kapcra, KpaBuna, Pusess, Cendpumka, Ipmana, Yorcrada [48-53, 105, 190-
193, 201, 305, 308, 317, 350] paxTopH3ariyu 6BLIN IPOLOJDKEHEI 10 p < 20000. B To BpeMs 3TO
OBLJI0 COBCeM HelIpOCThIM JiesioM. Tak, ImepBag pakTopusanus umrcia My morpeboBasa 10 ya-
COB MaIIMHHOIO0 BpeMeHH [50]. Ho 3T0, KOHEYHO, y>Ke COBEPIIIEHHO Jpyras UCTOPHS, K KOTOPOH
s COOMpParoCh BEPHYTHCA B CTaThbe, IIOCBAIEHHON GpaKTOPHU3allusAM YK CeJl CIIelaIbHOI0 BUA.
SIcHO, UTO B fasIbHENIIEM IIPOBepKa IIPOCTOTEI Urces MepceHHa II71a CILIOITHAKOM — XOTSA U He
BCerya ¢ [IepBoro IIPoxoja — a paKTOpHU3alluH IIUIK CJIeL0M, HO 9acTO C JOBOJIBHO GOJIBIITUM
OTCTaBaHUEM.

4.2. Kputepuii epma—3iinepa

IToMCK IPOCTHIX Jie/IMTe el unces M), 110 CpaBHEHHIO C IPYTHUMH YHCIaMH TOTO JKe pasMe-
Pa pesKo yIIpoIaeTcs CIefyIIHuM KpurepueM depma—Jiiiepa. IIycTh p U ¢ — HedeTHEIE
npocrTsle. Torza ectu p| Mg, To

p=1 (mod q), p=+1 (mod 8).

3agaua. Pa3Io)kuTe Ha MHOYKHUTEJIH BCe OCTaJIbHbIE Yrc/Ia MepceHHa 10 Mas,

OTBeT. II0CKOIBbKY BCe 9TH UMCJIa He CJIUITKOM BeJIUKH, MOKHO 000HTHCH BHYTPeHHEH QyHKITU-
et FactorInteger. BoT ¢pakTopHu3aiuu BceX COCTaBHBIX yrcesa MepceHHa 0 Mg;. KpoMe yxke
U3BeCTHOT0 HaM M) = 2047 = 23 -89, paKkTopHU3aIysi 0CTATIbHBIX YK CEJI BPYUHYI0 — 3aHSATHE
He I CJIa0BIX TYXOM.

Mys = 8388607 = 47178481,
Mag = 536870911 = 233 - 1103 - 2089,

Ms; = 137438953471 = 223-616318177,

My = 2199023255551 = 13367 - 164511353,

M3 = 8796093022207 = 431-9719- 2099863,

M7 = 140737488355327 = 2351 - 4513 - 13264529,

Mss = 9007199254740991 = 6361 - 69431 - 20394401,

Msg = 576460752303423487 = 179951 - 3203431780337,

Mg = 147573952589676412927 = 193707721 - 761838257287.

B3rusiHyB Ha GaKTOpH3aIuio Mgz, Cpasy sICHO, UTO C/IeJIaTh 3TO B JOKOMIILIOTEPHYIO 310Xy 6e3
KaKOM-TO cepbe3HOH MaTeMaTHKH GBIJI0 GBI IIPOCTO HEe803MOXCHO. Bo BpeMeHa MepceHHa fake

29 310 Farke He 0GCYIK[A BOIIPOC, KAKKE M3 HCTOPUUECKHX BEIUMCICH I ITPOBEPSUTHCh HITH IOBTOPSUIHCE, CKOTHKO
TaM 651710 oITu60K u np. — “And that leaves five — Well, six actually. But the idea is the important thing!”
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XOTsI GBI IIPOBEPUTH IIPOCTOTY 3THX MHOKHTEIEH yrKe ObLI0 U3PSTHBIM yIIpasKHeHHeM. Tak 4To
ecyii MepceHH U 0IIH6Cs ¢ IpocTOTod Mgz, TO COBCeM HEHaMHOTO.

Bor ermie mopriust pakTopu3aIiui. BUmHO, UTO IaTTEPHBI Pa3HbIE, HO Y BCeX Urces MepceHHa
€CTb XOTsI OBI OJTUH IOCTATOYHO 60IBIION MHOMKUTEb.

M7 =228479-48544121 - 212885833,

M73 =439-2298041-9361973132609,

M79 =2687-202029703-1113491139767,

Mpg3 =167-57912614113275649087721,

Mog7 =11447-13842607235828485645766393,

Mip1 =7432339208719-341117531003194129,

Mip3 =2550183799-3976656429941438590393,

Mip9 = 745988807 - 870035986098720987332873,
Mi13=3391-23279-65993 - 1868569 - 1066818132868207.

BoT ellle ofHa Ype3BBIYaHO HHTepecHas cepys. Y uucjia Mi3; eCTb OTPOMHBIM IIPOCTOM
MHO>KHUTeJIb, HO CJIeyI0IHe TPU B KAKOM-TO CMBICJIE ellle HHTepeCHee, Y HUX HeT MaJIeHbKUX
IIPOCTBIX MHOKHUTesIek! HalloMHI0, UTO 3TO UMEHHO Te YHCJIa, IIP0 KOTOPHIe ObIJIO U3BECTHO, YTO
OHH COCTaBHBIe, HO [IJI1 KOTOPBIX [0JIT0 He YIaBaJIoCh NPeAbIBUTh HU OJHOTO IIPOCTOTO [eIHUTe-
JIs1. B masibHeIeM aTOT ITaTTePH CTAHOBUTCA JOMHHUPYIOIINM, C YeM U CBsI3aHa TPYAHOCTH
daxTopusanuu yrces MepceHHa 001ierpakJjaHCKUMHU aJITOPUTMaMU.

Mi31 =263-10350794431055162386718619237468234569,

Mi37 =32032215596496435569 - 5439042183600204290159,

Mi39 = 5625767248687 -123876132205208335762278423601,

Mi49 = 86656268566282183151 - 8235109336690846723986161,

Mi51 =18121-55871-165799-2332951 - 7289088383388253664437433,

My57 =852133201-60726444167 - 1654058017289 -2134387368610417,

M;ig3 =150287-704161-110211473-27669118297 -36230454570129675721,
M7 = 2349023 - 79638304766856507377778616296087448490695649,

Mi73 =730753-1505447-70084436712553223 - 155285743288572277679887.

Bbiroke K KoHIY ciiricka MepceHHa nipaMasi GaKkTOpHU3anys CTAHOBUTCS LOBOJIBHO 3aTpat-
HBIM [1eJIOM, U g1 He 6y[y BOCIIPOU3BOAUTH ee pe3yJbTaThl IIeJIMKOM. Tak, B IIpUMeHeHU!
K auciay Mos7 = 2257 _ 1 ycmosTHeHMe KOMaHIBI FactorInteger saHuMaert yorcacarowue 253.604
CeKyHBI:

M>57 =535006138814359-1155685395246619182673033-
374550598501810936581776630096313181393.

PagyMeeTcs, TPYHOCTD 3/[eCh COCTOUT B TOM, UTO 8Ce IIPOCThIe MHOXKUTE/IX O0JIbIIHe, 110 06111e-
rpa’kAaHCKUM CTaHAapTaM, B CaMOM MaJIeHbKOM M3 HUX BCe paBHO 15 udp. MoKHO TOJIBKO
II0PasUThHCA Aep3HOBEHUI0 MepceHHa, KOTOPBIHM 3asBJISII, YTO 3TO YKUCJIO NPOCMoe — JIJIs1 HeTo
OHO IIPOCTHIM U ObLI0! /IJIs1 YesIoBeKa, He BJIa/Iel0lllero Teoprel uucesl WM He BOOPY>KeHHOT0

30 Mathematica 11.3HaHP EliteBook 830GS cmporieccopom Intel Core i7-8550U 1.99GHz.
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KOMIIbIOTEPOM, HUKAKHX IIIaHCOB HaWTH 3TU MHO>KUTeJN HeT. KoHeuHO, ¢ Halllex CeI‘O,Z[HHH.[HefI
TOYKHU 3PEHUS 3TO 3HAYHUT, YTO IIPOCTHIE MHOKUTEJIN YK CeJI CIIeITa/IbHOI0 BHU1d HY>KHO UCKAThb
IIPH IIOMOIIMH aJITOPUTMOB, CO3IaHHBIX CIIEITUA/JIbHO IJIA (l)aKTOpI/ISaLII/II/I YuceJI 3TOro Buaa!

3amaya. A Terepb HAIMIIKUTE IIPOTPaMMYy IIOMCKa JieTUTeIed M), UCII0/Ib3YIOITyI0 KPUTEPH
depma—Iriepa, KoTopasi paboraeT 6vIcTpee, ueM FactorInteger.

Bpocaercs B Iy1asa HaJIMYHeE Y HEKOTOPBIX M), COBCEM MaJIeHbKUX IIPOCTHIX e IUTeNIeH,
CKakeM 23| My, 47|Mo3, 167| Mgz 1 263| M131. OKasbIBaeTCs, 3TO He CIy4allHOCTh. A UMeHHO,
Kpurtepuii Jitsiepa—J/larpamKa yTBep)KJaeT, UTo ecau p = 3 (mod 4), To g = 2p+1 B ToM
U TOJIbKO TOM CJIy4ae sIBJISIeTCSI IIPOCTHIM, Korza g|M),.
3apmaua. Haiiure Bce p < 1000 Takue, uTo g = 2p + 1 eiut M),.

HamomMHMUM, 4TO B CBA3U ¢ TeopeMoli Pepma Codu JKepMeH BBeJjIa CAeIYIONTUN KIacc Ipo-
CTBIX. YHCJIO p Ha3bIBeTCS NPOCTHIM JKepMeH, ecyii p U 2p + 1 o6a mpocTel. TakuM 06pasoM,
KpuTepui diyiepa—JlarpaHyka yrBep)KaaeT, UT0 yuciia MepceHHa, IT0Ka3aTeJ I KOTOPBIX IBJIS-
I0TCS IIPOCTHIMHU JKepMeH, JalolliIMU OCTaTOK 3 IIPH JleJIeHUH Ha 4, He IBJIAITCS IIPOCTBIMHU.

4.3. Prime records

TosbKo B 1951 roy pexopy JIroka 6511 TO6HT !, ¥ yamoch HalTH IIPOCTOe YUCIIO, G0IbIIIee,
yeM M. [IpudeM 3T0 He 66110 UKcI0 MepceHHa! A UMEHHO, TI0JIb3YICh ApU@BMOMempom, IMe
deppbe HaIlleJI IIPOCTOE YUCIIO

(218 +1)/17 = 20988936657440586486151264256610222593863921,

Yy KOTOpOro 44 nudpsl ¥ KOTOPOe He SIBJISeTCs YHCI0M MepceHHa.
Kcraty, gesuts Ha 17 eppbe yUmMiICSd JOBOJIBHO YIIOPHO. /[0 3TOT0 OH IIOCBATHUJI 3TOMY JeJIy
ey KHUTY [117] 1 B pedysibTaTe B 1949 rofy Hatesn

(292 +1)/17 = 291280009243618888211558641.

Taxum o6pasoM, Peppbe IIOOKII U ellle OAUH pPeKop/, KOTOPBIHM IIpofiep Kajicsd ellje LoJbIle,
a IMEeHHO PeKOP/ IIPOCTOT0 YHCJIa, He A8AAHWe20C HucAom MepceHHa. Ilpenpinyliee Takoe
4quciIo 66110 HatieHo PopTioHOM JlaHpH B 1867 rofy:

Ms59/179951 = 3203431780337.

cM. https://primes.utm.edu/notes/Firstin1951.html,

Kaxk mmpaBuiIo, caMble O0JIBIIIME U3BECTHEIE IIPOCTHIE YHCJIA SIBJIAI0TCA YHCIaMHi MepceHHa.
Kak 11paBuiio, HO He BCerja. 3TO MOT'YT OBITH CTapIliKe JeJuTesId yrcesl MepceHHa uinu Pepma
WIM KaKHe-TO JpyTHe YHCJja IOoL0OHOro CIIelialbHOT0 BUA, CPABHUMEIE C +1 II0 MOZYJII0
6OJIBIIION CTEIIEHU 2.

Taxk, 6 aBrycTa 1989 rofa rpynna ToBapHIneH, nu3BecTHas kKak Amdahl 6, cocTosiBmiast U3
J>xoHa BpayHa, JTangoHa Kypra Hoswta, bozo ITapany, bkuaa Cmurta, /Ikoasiss Cmuta U CepIpKuo
Jl3apaHTOHeJLI0, J0oKa3aja IIPOCTOTY CIEeAYIOIero YKuca

391581-221819 1 65087 mudp.

31 BrpoueM, HEKOTOpPBIe CUMTAIOT, YTO IIepBOe 6e3yKOpUSHeHHOe N0Ka3aTeabCTBO IIPOCTOTHI M127 GBIIO TaHO
TOJIBKO B 1894 roxy ®okemM6eproM, HO /ia>ke U B 3TOM cjIydae peKop/ IIpocTosiI 57 jieT! 51 He BhICKa3bIBal0 HUKaAKUX
CY>K/[ileHHH 110 3TOMY II0BOJY, HO Y MHOTHX aBTOPOB ellle 60JIbIIIHe COMHEeHNs OTHOCUTEe/IbHO BEIYHCIeHUH CaMOT0
dokeMmbepra, cM., Harpumep [167].
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Ha MOMEHT OTKPBITHS 9TO OBIII0 caMOe 60JIBIII0e U3BECTHOE IIPOCTOE YHCIIO.

U3 10 caMbIX H60JIBIIINX U3BECTHBIX CeTOHS IIPOCTBIX YHCEJI IeBATH SIBJISIOTCS IIPOCTHIMU
MepceHnHa. ETMHCTBEHHOe UHMCJIO0 IPYTOro BUA, 9-e 110 paHry, — 3TO OTKPBITHIN B 2016 Tomy
CTapIIIN e TUTesIb, PABHBIA

10223-231172165 L 1 9383761 riudp.

OcTasbHbIE COPeBHOBAHUA IIPOXOJSAT B COBEPILIEHHO IPYTOX BeCOBOM KaTeropuu. Harpumep,
B CaMOM OO0JIBIIION U3BECTHOM CETO/THS ITape OJIU3HEI0B

p = 2996863034895-2'°°%0 1, p 42 =2996863034895-2'29°% 1 1

Bcero 110 388342 mudpsl, ¥ cpefy BCeX IIPOCTHIX 3TU YHUCJIa HAXOOATCA OJIFDKe K CepelrHe
decamoil muicauu.

Ecsu emje 3-4 mecaTuieTHs Hasaf 3TH PeKOPAbl MOXKHO OBLJIO ITyGJIMKOBATh B CTATHIX
[247, 248, 370-372], TO cerogHs B HUX MUJJIMOHEI NP, U yUeT UM BeJleTCd TOJIbKO Ha CIlelfya-
JIM3UPOBAHHBIX cCalTax.

4.4. TunoTe3bl 0 Yncnax MepceHHa

BHe BCSIKOTO COMHEHHSI Mbl 3HaeM, YTO OTBET Ha TPH CJIeYIOIIUX BOIIPOCA YTBEPIUTEIb-
HBIH’2. MBI TOJIBKO COBEPILIEHHO He 3HaeM, KaK 3TO0 [0Ka3blBaTh. B Kilaccupukanuu /lbefoHHe
[102] aT; 11po61eMBI QUIYPHUPYIOT KaK HEIPUCTYIIHBIE.

IIpoGsiema. beCKOHEYHO JIM KOJIMYECTBO IPOCTHIX MepceHHa M),?
IIpoGsiema. beCKOHEYHO JIM KOJIMYECTBO COCTABHBIX YHces MepceHHa M),?

ITo OTHOIIEHUIO0 K JBOMYHOY crcTeMe UHcIa MepceHHa SIBJISIOTCS B TOUHOCTH pelrbIOHUTA-
MmHu (= repeated unit), To ecTh YucIaMy, Bce ITUGPHI KOTOPHIX paBHEL 1. B caMoM fielte,

2P —1=2P7142P2 4 4241,

Tak 4To uuciaa MepcenHa uMmeroT Bug 11,111,11111,1111111,... PerproHUTaM B pa3jIUYHbBIX
6a3ax IOCBAIeHAa JOBOJIbLHO 3HaUYUTEIbHASA JIUTepaTypa, cM. [10].

PeIIbIOHUTEI SIBJISIOTCSA YaCTHBIM CIydaeM HaJHMHAPOMHUYECKHX YMCesl, KOTOpble YUTa-
I0TCS OJMHAaKOBO U3 Hadajla B KOHeIl ¥ M3 KOHIIa B HadaJIo. /[pyTUM M3BeCTHBIM IIPUMePOM
aJIMHPOMOB B IBOUYHOM CHUCTeMe SIBJISAI0TCA yHuceaa @epma 11,101,10001,100000001,...

YT0G6BI IPOUJIIIOCTPHPOBATh, HACKOJIBKO CJIOKHA IIpo6aeMa 0 6eCKOHeUHOCTH KOJIMYeCTBa
TIPOCTHIX YHcesJ MepceHHa, 0TMETHM, UTO He pellleHa [jake CIeyIolasi ropaszo 6osee mpocras
KJIacCHYecKasi 3a7jada, KOTOPYIO MBI He 6y/ieM 3/1eCh Jja>ke 00Cy>K/IaTh, KaK U pasJIMuHbIe bosee
ob1me rumnoTessl HuHIEN 1 CepIUHBCKOTO, cM. [140].

ITIpo6sieMa. beCKOHEYHO JIM KOJIMYEeCTBO IIPOCTHIX NAJIMHAPOMOB B IBOMYHOH CHUCTEME?
Bort e1rfe ofHa KaaccuyecKkas 3ajada.
IIpoGaema. BepHo Jiy, 4TO Bee uricaa MepceHHa M), 6eckBapaTHbIE?

Ecyi He Tpe6oBaTh 3/eCh IIPOCTOTHI p, TO 3TO, OUEBHU/IHO, HEBEPHO. B caMoM [ieJie, yxKe
Mg = 261 =63 =32.7. M0XHO 6bLIO GBI IyMaTh, YTO 3TO CBSI3aHO C TEM, YTO II0Ka3aTeJb YeTeH,
HO U 9TO He TaK:

My =221 —1=2097151 = 7%-127-337.

32 EZMHCTBEeHHBIN HU3BeCTHLIN MHe UCTOUYHUK, I7le Bcephe3 BhICKa3hIBeTCSI MHEHUE, UTO YKCJI0 IIPOCTHIX MepceHHa
KOHEYHO, 3T0 CTaThsl Bacuiusa AHTOHOBHYaA 'osry6eBa [131].
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C mpyroii CTOPOHBI, eCIIN qZIMp IJI1 HEKOTOPBIX NPOCMbIX p U ¢, TO ¢ LOJDKHO OBITH HPO-
cTeIM Budepuxa, To ecTh g? K0/DKHO AeauTh 2971 — 1. Takue umcsIa BIiepBhIe paccMOTpes
Aptyp Budepux B 1909 roxy B cBsI3H ¢ TeopeMoit epma. boJsiee ueM 3a BeK yIaI0Ch HAUTHU BCETO
[Ba TaKHUX YHCJIa, a UMeHHO 1093 1 3511, HO HU 0/THO U3 HUX He MO’KET OBITH JleJINTeJIeM YHCel
MepceHHa, cM. [322, 356].

OTHOCHUTEJIBHO CJIe[yIOollel TUII0Te3bl 51 OBl yoKe He OBLI TaK yBepeH. OJHO U3 UCTOJIKOBA-
HUH WCXOHOM rUIoTe3bl MepceHHa COCTOUT B TOM, YTO OH [Jles1aJl IIpeficKasaHue, I KaKUX
nokasaTesed urcia MepceHHa IIpocThlL. To, uTo post factum sTa rumoTesa okKa3ajach HEBEPHA,
6/IrDKe K KOHITY CIIHCKa, He [leJlaeT ee MeHee BeJTUKOMU, 0411 mo2o epemeHu. berttmaH, Cendpumpk
u Vorcrad¢ [20] mpenIoKunu ciaenyroliiee UCIIpaBaeHNe IIepBOHaYaIbHOM TUIIOTe3kl Mep-
ceHHa. OQHAKO CerofHA MBI MOXKeM II0/103peBaTh, YTO U 3/1eCh [1eJI0 UeT IIPOCTO O PAaHHUX
coBnazieHusx [137-139]. Ilo moBoay mpocToThI unces Buaa (2P +1)/3 cm. [319].

Hosas rumoresa MepceHHa. HYCTB p — HeUYeTHOEe HaTypaJbHOe YHCJIO. Torga eciv BHITIOJIHSI-
IOTCd IBa U3 CJIEAYIOIITUX YCHOBHﬁ, TO BBIIIOJTHSETCA U TPEThE!:

. pzzkiluﬂup:4ki3,

e M, =2P —1 mpocroe,

e (27 +1)/3 mpocroe.

Texct MepceHHa 1647 roza s iepBoHa4YaJIbLHO IIpoYe/I HMEHHO KaK I'MIIOTE3Y O BECKOHEY-
HOCTHU KOJIMYECTBA IIPOCTBIX YUCET MEPCEHHA, TOUHee, KaK SBHYI0 KOHCTPYKITUIO 6€CKOHeUHOll
cepuu TIpocThIX MepceHHa. CoBCceM IBHO 3TO 6BL10 CHOpMyIMPOBaHO JKeHOM KaTasaHoM yxxe
B KoHIIe XIX Beka.

OrmpeesiM JBOMHOE 4HCJI0 MepceHHa Kak 4ucI0 MepceHHa, IT0KasaTesIb KOTOPOIo caM
SIBJIIE€TCS YHCJIOM MepceHHa 11 KaKOI0-TO IIPOCTOTO p,

My, =2*"""-1.

OnpepenuM Telteps yuciaa Katarana—MepceHHa peKypCHUBHO KaK JBOMHEIe yucIa MepceHHa,
HaYUHAKIHECS € 3! p1 = 3, Pp+1 = Mp,, cM. [114]. Kak MBI 3HaeM, IIepBble YeThIpe YKC/Ia
Karasmana—MepceHHa

2
2271

2_
pr1=22-1=3, py=22" 127, p3=22 ""1_1=127, py=22 L 1= My
IIpocCThIe. Y3HAB 0 l0Ka3aTeIbCTBe JIFoKa IIPOCTOTEI M)27, I7KeH KaTasiaH TyT ke B 1876 rony
IPSMO Ha TI0JIAX Pa60ThI JIFOKa BEICKA3aJI CJIEYIOIIYI0 TUIIOTe3y -,

I'mnoresa Katanrana—MepceHHa. Bece unciia Katasana—MepceHHa p), IPOCTEHL.

OJHaKO y>Ke UUCIO0 p5 = M)y,,. HACTOIBKO BeJIMKO, YTO eCJI OHO He SIBJIIeTCS IIPOCTBIM, TO
MBI IMeeM IIIaHChI HUKOT/IA 3TOTO He y3HaTh. OHAKO eITe CMellTHee ObLI0 ObI, eCJTH GBI OHO BHE-
3aITHO 0KAa3aJI0Ch IIPOCTHIM, IIOTOMY UTO eITle 3a ITapy UTePaITiii MBI OKa)KeMCsI B 06J1aCTH YHCET,
IJ1s1 KOTOPBIX Y HAC MOYKeT BOOGIIe He 6BITh BOSMOKHOCTH KaKHUM-JTH60 06pa3oM BEIPA3UTh UX
IIPOCTHIE JTEJTUTEIIH.

33 Ha camoM feste, 3TO O3 HelIIas perHTepIIpeTarHsl. CaM KaTalaH Topasio ocToposkHee: “Si Pon admet ces
deux propositions, et si ’on observe que 221,23 -1,27 —1 sont aussi des nombres premiers, on a ce théoréme
empirique: Jusqu’a une certaine limite, si 2" — 1 est un nombre premier p, 2P — 1 est un nombre premier p’, 2P’ 1
est un nombre premier p”, etc. Cette proposition a quelque analogie avec le théoréme suivant, énoncé par Fermat,
et dont Euler a montré I'inexactitude: Si 7 est une puissance de 2, 2" + 1 est un nombre premier.” CpaBHHBAas 3Ty
TUIIOTe3y C TUII0Te30d depMa o0 IpocToTe yuces PepMa, OH IIPSIMO HaMeKaeT, UYTO OHa MOJKET OBITh HeBEPHA yyKe Ha
cIenyrolieM miare, cM. [114, 132].
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[lepelifeM Ternepb K aCHMIITOTHYECKUM pe3yJbTaTaM. MopabHO pe3yIbTaThl paboT Jpze-
m1a, Kucca, [lomepaHsca, JleHCTpEI, IHr6epra, [losutaka, Purepa u apyrux [106, 108, 111, 238, 240,
270, 291] o genuTesIX Urices MepceHHa 03HAYAIOT, YTO:

— IIPOCTHIX MepceHHa 0ueHb MaJlo,
— TIPOCTHIe JIeJIUTENIHN Y 60JIBINNX COCTaBHBIX urces MepceHHa, KaK IIpaBUJIO0, TOKe 0UeHb
6oJIBIIIHE.

JTO 06BSICHSIET, II0UeMy IIpOCThIe MepceHHA TaK TPYLHO UCKATh U II0YeMY UX ellle TPY/[-
Hee pacKJyIagbplBaTh Ha MHOXKUTeJIHU. Ha 0CHOBe 9THUX pe3yJ/IbTaTOB, a TaK)Ke IBPUCTHUECKUX
U CTaTUCTHUYECKUX coobparkeHMUM, JleHcTpa, [ToMepaHc 1 Yorcradp$ BbICKa3aId CIAETYIOIYIO
KOJIMYeCTBEHHYI0 TUIIOTE3Y.

I'mnoresa JlencTrpei—IIloMepaHca—Yorcradpda. ACMMIITOTHYECKH KOJIUYECTBO YHces Mep-
CeHHa MEeHBIIINX, YeM X, PABHO
e’ -log, log, (x),

Ife Y — KOHCTaHTa Jiyiepa—MacKepoHH.

VIHBIMH CJI0BaMU, YTBEPYKAAETCA, UYTO KOJIMYECTBO IIPOCTHIX uKcesl MepceHHa 6eCKOHEeUHO,
HO BCTPeYaroTcs OHU KpaiiHe pedKo — KOJIMUeCTBO uucesl MepceHHa ¢ 3KCIIOHEHTOH p, MeHb-
el y, aCHMIITOTHYeCKH paBHO e! -log, (y). BupoueM, HeKOTOpbIe CIIeIIHaIUCThl CHUTAIOT, UTO
B JIeCTBUTEJILHOCTH IIPOCTBIX MepceHHa ropaszo 60Jb11Ie.

CaMast mpaBOII0[06Hasd IUII0Te3a 0 yucaax MepceHHa 6bl1a chopMyaupoBaHa B 1978 roxy
JaBugoMm CJIOBUHCKUM [323].

I'mmoTte3a CJI0BHHCKOTO. B 10601 MOMEHT 6y/ieT 60JIbIlle OTKPBITHIX TUIIOTE3 0 UKrcaax Mep-
CeHHa, UeM U3BeCTHHIX IIPOCTHIX MepceHHa.

5. CYMMbl AENNTENEN

Ha 3T0H OIITUMHCTHYECKON HOTe IIepeiifieM Tellepb KO BTOPOM OCHOBHOM TeMe, CyMMaM
JleJINTeJIe .
IlycThr KaHOHHYECKOE pas3IosKeHHe YKcaa 1 UMeeT BUJ, 11 = p{“ . pfs. Torga KoJIM4ecTBo
JeauTesiei 1 paBHO
dn)=(k1+1)...(ks+ 1),

a cymMa gesmTesied n 3agaeTtcss GopMyI0n

ki+1 ks+1
i i, _ P1 -1 ps' -1
om= ) pl..ps=
i<ky,eis<ks p1—1 ps—1

(cymMMa reoMeTpUUECKOI IIPOTPECCUN).

3agaua. 3azmaiite PyHKIIUU d(n) U 0(n) HAa OCHOBe BHyTpeHHel QyHKIIUU FactorInteger
U CpaBHUTE CKOPOCTh UX PaboTel ¢ Length[Divisors[n]] mDivisorSigma[1,n].

W3 dopmyIsl 4714 d(n) BEITEKAET, YTO
— d(n) 3aBUCHUT He OT CaMOT0 71, a OT ero apUPMeTHUEeCKOH CTPYKTYPhI, THBIMHU CJIOBAMH,

OT TOT0, C KAKMMHU CTeNeHSIMU B 11 BXOJAT pPa3JIMYHbIe IIPOCTHIE;
— 3HaueHUe d(7n) Mo>KeT OBITH a6COJJIIOTHO JIFOOBIM.

3agauva. /I J11060T0 IIPOCTOIO YMCIIA ¢ HalguTe HaMMeHbIllee YKC/I0, UMelolllee POBHO ¢
JleJINTeJIeH.
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OTBeT. He60JIhII0M KOMITLIOTEPHBIN 3KCIIEPUMEHT yoeauT Bac B TOM, UTO 3TO 29-1, Boo6e,
no60e IIpUMapHoe YHc/Io p™~! uMeeT poBHO m [ieuTeslel, HO B ciIydae, KOTZia 717 pack/Iajibl-
BaeTcsl Ha MHOKHTEJIH, KaK IIPaBUJIO, yAaeTcsd IIOCTPOUTh MHOTO MeHbIIree, ueM 2771, umciio
C TeM JKe KOJIMYeCTBOM JleJIUTesIeH.

3amaua. CocTaBbTe TAGJ/IUITY, B KOTOPOH I KaKIOTo yrcaa m < 100 yKkazaHO HauMeHbIIIee
YHCJI0, UMEI0ITlee POBHO 11 eJTUTeseH.

OTBeT. BOoT HauaJIo 3TOM TabJ/IHIIEI:

4 5 6 7 8 9 10
6 16 12 64 24 36 48

3agaua. 3a/1aiiTe QYHKITHUIO, COTIOCTABJITIONIYIO KaXKIOMY HaTypaJIbHOMY 777 HAUMeHbIIee HaTy-
pasibHOe 1, IMelolllee POBHO m JieJIUTesel.

B cienyrotnieti 3aaue u gaee d™ 0603HAYAET 71-10 UTEPAITHIO QYHKITHHU d, TO eCTh Pe3yJih-
TaT ee IPUMeHEHUS M pas.

3agaua. V6enuTech, 4TO JUIsI JIFOOOTO HATYpPaJIbHOTO UKCAA 1 > 1 HaWeTcs TakKoe /1, 4YTO
d™(n) = 2. CKOJIb BeJIMKO MOKeT OBITh 3TO m?

OTBeT. [109KCIIeEpUMEHTUPOBAB € QYHKITHEH d, JIeTKO YOeAUThCS, UTO [IJIs JIF060T0 1 > 2 UMeeM
d(n) < n, M03TOMy IpUMeHeHUe d MO>KeT 060pBaThCS TOJBKO Ha 3HaUYeHHH 2. C IpyToH CTOpO-
HEBI, MBI TOJILKO UTO 3aMeTIJIH, UTO d 1= 1, IO3TOMY eCJIX OT 1 MO>KHO JOUTHU [0 2 3a M
Imaros, To ot 27! TpebyeTcd yoKe m + 1 1mar.

O6paTumcs Tellepb K QYHKITUHU 0. SICHO, UTO 0 Bo3pacTarolas GyHKIUs, 0 (n) > 1 1Jj1 BCeX
n > 1, mpudeM o (n) = n+ 1 TOJIBKO B CJIydae, KOTZA 1 = p IPOCTOe.

3agaya. Y6eIHuTeCh, YTO eC/IF 71 COCTaBHOe, TO 0 (1) > n+ /1.
3agaua. JIro60e J1U m MOKeT ObITh 3HaUeHUueM QYHKITUU 0 ?
3agaya. HaiijuTe Bce pellleHUs ypaBHeHUd 0 (n) = o(n + 1) mpu n < 100000.

Jleo Mosep IIpuBeJI IIpUMePEI, II0Ka3bIBaloII[Ke, UTO B OTJIMYHE OT apudMeTHUeCKON QyHK-
ouu n— n@((n), QyHKOUs n— no(n) He "HbeKTUBHA, THBIMU CJIOBaAMH, PABEHCTBO

mo(m) = no(n)

BO3MO>KHO U IIpH M # n. A UMeHHO, IIpU m = 12, n = 14 o6e 4acTH 3fech paBHEI 336. SICHO,
4To, yMHOKasl 06e 4acTH 3TOTO paBeHCTBA Ha Jir060e YrciIo k, B3BaUMHO IIPOCTOe C 2, 3 U 7, MBI
TIOJIyYUM HOBYIO TPOHKY unces m = 12k, n = 14k yRoBIeTBOPSIOIIYIO 3TOMY YCJI0BHIO. [ToaTOMy
HHTEepeCHO UCKaThb IPUMUTHUBHEIE IIapkl, I KOTOPBIX (m/k, n/k) He IBJISIOTCS pellleHUIMH
3TOTO YpaBHEHUS HU IIpU KakoM k > 1.

B nme¥cTBUTEIBHOCTH ITpUMep Mo3sepa BJIgeTcs IIePBLIM U3 IIPUMEPOB CIeLyIOIero THIIA:
m= gp—qu’ n= 2‘7‘1Mp, rae My, u Mg pasiauvHbIe IPOCThie Yrcia MepceHHa.
3agauya. [TocTpoiiTe ellje HECKOJIbKO COTEH IIPUMUTUBHBIX pellleHUN ypaBHeHUsl mo(m) =
no(n).
3agauga. 3agmariTe QyHKIINIO, COIIOCTABJILIONIYIO IIape (171, ) CYMMY UX OOIIUX [ieJIUTeJIel.

Bo MHOTUX 3alavax BO3HUKAKT pa3/IMYHble BApUaHTHI QYHKITUU 0, HallpuMeD, QyHKITHS,
COIIOCTABJIAIOIIAS 12 CYMMY €0 CO6CMBeHHbIX eIuTeslel, TpaSUIIOHHO OHa 0603Havalach
0, HO U3 TUIIOTPadCKUX COOOpa KeHUH MBI OyZieM 0603HaYaTh ee s. Crefyromas GyHKITHL 0~
eCTeCTBEHHO BO3HHKAeT B 33flaue 0 KOJIMYeCTBe IIpe/[CTaBJIeHUN HaTypaJIbHOIO UKcjIa KaK
CYMMEBI YeThIpeX KBaIpaToB.
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3agaua. 3aaiiTe QYHKITHUIO 0¥, KOTOpAsi COIIOCTABJISIET KaXKIOMY HATYPaJIbHOMY YHCITY CYMMY
TeX ero JieJIuTeIel, KOTOphle He esIaTcs Ha 4.

3agaua. IIycTh pj,..., Ps CYTh BCe Pa3TUYHbBIE ITPOCTHIE AeJTUTEIH YUCIA 1, a
n
pl cee ps

JIJ1s1 HeCKOJIBKUX JIeCSITKOB 71 BRIYHCINTE CYMMY (1) JeuTesel Yrcia n, SBJSI0IUXCS KpaT-
HBIMU YHCJIa M, U yrajaiTe GOpMYJIy 71 3TOH CyMMEI B OGII[EM CJIyJae.

m =

OtBert. MckoMas popMyJia JIUIITL 3HAKOM OTJIMYaeTcs 0T QOPMYJIbI I QYHKITMY Jiiepa:

(n)—n(1+i) (1+i)
v p1 Ps ‘

6. COBEPLUEHHbIE YACNA

CoBepIlleHHBIE YUCJIA, 3TO HEIIOABI KHBIE TOUKH QYHKITUH, COIIOCTaBJISIONIeN HaTypaIbHO-
MY YHCJIy CYMMY €r0 COOCTBEHHBIX Jle/IhTes e,

6.1. YeTHble coBepLUeHHbIe YUCa

Uncsia MepceHHa UIpar0T abCOMIOTHO UCKIYUTENBHYIO POJIb B OLHOM U3 crnapetiuux
HepelleHHBIX IIpo6ieM MaTeMaTHKH, OTHOCSIIENCS K UemHbIM COBEPILIeHHBIM YK cIaM. YHCI0
71 Ha3bIBaeTCs COBEPIIEHHBIM, €CJIH OHO PAaBHO CYMMe CBOMX COOCTBEHHBIX JlesuTesieil. UHbIMU
ciIoBaMmy, 0 (n) = 2n. B rTepMuHax QyHKIUU s(n) = 0(n) — 1 3TO YCIOBUE 3aIIHCHIBAETCS €Ille
ecTecTBeHHee, s(n) = n.

3agaya. HafijuTe coBepllleHHEIe UKCIa < 107.

OTBeT. MO>XHO IIPOCTO IIOJHBIM IIepe60poM C UCII0Ib30BaHueM DivisorSigma. BoT oHu:

6=2-3=1+2+3,

28=2%7=1+2+4+7+14,

496=2%31=1+2+4+6+16+31+62+ 124 + 248,

8128=2%.127=1+2+4+8+16+32+64+ 127+ 254 + 508 + 1016 + 2032 + 4064,

33550336 =2'2-8191 = 1+2+4 + 8+ 16 +32 + 64 + 128 + 256 + 512 + 1024 + 2048+

4096 + 8191 + 16382 + 32764 + 65528 + 131056 + 262112+
524224 + 1048448 + 2096896 + 4193792 + 8387584 + 16775168.

Tpu mepBBIX OBLIN U3BECTHHI yoKe B VI BeKe [0 H. 3., a UeTBepToe Hallesa Hukomax us I'epacel
okoJsio 100 roga H.3. B xHure BiaxenHoro AsryctuHa “De Civita Dei” cofilep’KUTCS IIOpasH-

TeJIbHOe pacCy’KeHHe, UTO YHCJI0 6 COBepIlleHHOe He II0TOMY, YTo b-r co3zas Mup 3a 6 gHeid,
a Ha060poT, B-T IOTOMY CO37aJI MU 3a 6 [HeE, YTo YHCJI0 6 coBepieHHoe>*, %

34 «Haec autem propter senarii numeri perfectionem eodem die sexiens repetito sex diebus perfecta narrantur,
non quia Deo fuerit necessaria mora temporum, quasi qui non potuerit creare omnia simul, quae deinceps congruis
motibus peragerent tempora; sed quia per senarium numerum est operum significata perfectio. Numerus quippe
senarius primus completur suis partibus, id est sexta sui parte et tertia et dimidia, quae sunt unum et duo et tria, quae
in summam ducta sex fiunt”, XI-XXX.

35 ypupen 3TH UMCIa B TAKOM KOHTEKCTe JIF0GOE CITEITUAIHCT TI0 UCKTIOUHTeTHHOM HyMepOIOTHH He MOXKET He
B3/IpOTHYTh. BeZib Ha camoMm Jieste 56 = 2 - 28 — 3T0O pa3MepHOCTh HaUMeHBIIIero Ipe/craBiaeHud E7, a 248 =496/2 —
3TO pa3MepHOCTh HaUMeHBbIIero npefcrasieHus Eg.
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Vke B «JyIeMeHTax» IBKJIHA Co/lep>Kasoch HabmoneHue (Kuura IX, TeopeMa 36), 9To ecau
2P — 1 mmpocToe, TO 2P=1(2P - 1) COBepIIIeHHOe. JIjIep I10KasaJl, YTO 8Ce YeTHhIe COBEPIIIEHHEIe
4ucja UMeT Takod BHUA. TodyHee, MMeeT MeCTO CJIeyIOIas TeopeMa JBKIHga—Iiaepa:
MHO>KeCTBO YeTHBIX COBEPIIIeHHBIX YUCeJI COBIIaiaeT C MHOKECTBOM UMCesl BUla ZP‘IMP, rme
M,, — mipocToe uncao MepceHHa.

3ajgayga. A Telepb HaluTe ellje 46 COBepIIIeHHBIX YHCeJL.

Teopema IBKIMa—3IMiepa CBOJUT BOIIPOC 0 66CKOHEYHOCTHU MHO>KeCTBa UETHBIX COBep-
IIIEHHBIX YHCeJI K BOIIPOCY 0 6€CKOHEYHOCTH MHO>KeCTBa IIPOCTHIX yrcesl MepceHHa. Takum
00pasoM, Terepb Mbl MOKeM I1epeopMyJIHUpPOBaTh BOIIPOC MepceHHa TaK, KaK OH ObLJI HCXOJHO
coopmypoBaH 60Jiee UeM 3a [IBa ThICIYEJIETH 10 HETO.

ITpo6eMa. BeCKOHEYHO JIU KOJTUUeCTBO YeTHBIX COBEPIITeHHBIX YHCeT?

6.2. HeueTHble coBepLUEHHbIE YMCa

Jlo cuX TTIop HEM3BECTEH U OTBET Ha CJIeyION[yI0 3a7ilauy. BeposiTHO, 3Ta 3ajjaya ObLIa u3-
BeCTHa ellje [peBHUM, HO B JIF060M ciIy4dae oHa 6bL1a IBHO chopMyarpoBaHa KakoM JlepeBpoM
He 1mo3gHee 1496 roma. ITU IBe 3ajavu, BUANMO, SIBJISTIOTCSI, BMeCTe ¢ IIpobyieMoi 0 6ecko-
HEYHOCTH KOJIMYEeCTBa APY’KECTBEHHBIX I1ap, CAMbIMU CTapPbIMU HepellleHHBIMU IIpo6ieMaMi
B MaTeMaTHKe.

IIpoGsiema. CyIecTBYIOT JIK HeuemHble COBEPIIEHHEIE YHCIA.

He nbITariTech UCKAaTh HeyeTHEIE COBEPIIIeHHEBIEe UKcia BpyuHyH. Ente beHmpxkaMud Hépc36
JI0Ka3aJI, YTO Y HeUeTHOT'0 COBEPIIIEHHOI0 YK CJIa He MeHbIIIe 4 pasJIMYHbBIX IIPOCTHIX JeIuTesIel.
B 1888 rozy [xetimc [lkosed CumbpBecTp®’ BHadasle IIOBTOPHJI 3TOT Pe3yJIbTaT, a II0ToM [334]
YIIYUIIWII ero 10 5. B 1925 roxy M3pauins CoIOMOHOBUY 1"prsl,z;LLITeI'/’IH?’8 [11] moBes KOJTLUECTBO
pas/IMYHBIX feauTesel 1o 6, B 1974 roxy Kapui [Tomepanc [266] — mo 7, B 1980 roxy ITuTep Xaruc
[151] — mo 8 u B 2007 roxy IIstic HunbceH [241] — mo 9, cM. 110 aTOMY ITOBOAy [129].

KpoMe TOro, ©3BeCTHO MHOT'0 IPYTUX YCJIOBUU U OTpaHUYEHU Ha HeYeTHHIe COBEPIIIeHHbIe
4ucIa, KOTOpBIe IIIar 3a IIaroM yCU/INBAIUCh Ha IIPOTsSODKeHUH MHOTHX JleCATHUIeTHUH. S He 6yny
IIPUBOJAUTH 110 HUM TAKOI'0 Ke THUIIa UCTOPUUECKUH 00630p, a IIPOCTO IIePEUMCIII0 HEKOTOPhIe
U3 paboT, Ille IIOJIydeHbl TaKUe OrpaHuYeHUs: [27, 43-46, 59, 68, 84, 95, 98, 119, 135, 148, 150-
153, 160, 162-164, 166, 168, 170, 172, 179, 183, 184, 194, 195, 197, 202, 227-229, 241, 255, 306,
324, 328, 335, 338, 358, 362, 368]. Celtuac g pe3roMUpYVIO, ciiefys 0630py XeHpuKa Te Prute [300],
JIy4dIllye II0JIy9YeHHBIe TaM OLIeHKH, C Y9eTOM JaJIbHEeNIITNX YCUIEeHUH, IPeJIO’KEHHBIX B [62,
74, 82,133, 175-177, 243, 245, 246, 368, 375]:

o HeueTHoe coBepIeHHOe yucyo > 101590,

o OHO uMeeT > 10 IPOCTBIX Jle/TATeIet .

e Ko/IMUeCcTBO ero IIPOCThIX COMHOXKUTEJIEN C YUeTOM KpaTHOCTH = 101.
o Ero cTapIIMit IpoCToi AemuTens > 108,

o Ero BTOpPOIi 110 CTAapIIMHCTBY IPOCTOMH AeuTens > 104,

o Er0 TPeTHii 110 CTAapIIMHCTBY IPOCTOMH AeuTens > 10,

36 Bo usGerxanue HegopasyMeHul, Benjamin Peirce, 1809-1880, oTer; Yapsbs3sa I1épca, 1839-1914. ITo-pyccku
00BIYHO 6e33acTeHUMBO ITUIIYT “IIupc”, Tak, Kak 6yATO UCXOTHO 6BLI0 “Pierce”.

37 Tot camprit CrutbBecTp! B IIPeKTOHHOM BO3pacTe OH BHE3AITHO HauaJl SKCIIePHMEeHTHPOBATE C KJIACCHUeCKIME
HeIIPUCTYIITHBIMU IIP0o6IeMaMHy TeOPHH YHCeJl, B TOM YHcIe IpobeMoi 'obabaxa.

38 Tor camsrit I'pajiTeiis, 60/IbIe U3BECTHHIM COBETCKUM MaTeMaTUKaM Kak I'pafiiTe i H—PBIKUK.

39 BosIpINIe ITpH HEKOTOPBIX OO THUTETBHBIX ITPe/IT0I0KEHHSX.

ANTTOPUTMWNYECKAA MATEMATUKA 29



Basunos H. A.

e ET0 cTapiuii mpuMapHbIii COMHOXKUTEID > 102,

B yIIOMSIHYTBHIX BBIIIe paboTax eCTh U MHO20 JPYTUX OTPaHUYEeHUH: OIIeHKU Ha IIPOCTEHIe Je-
JINTEJIN CBEPXY, CPAaBHEHMU, YCI0BHUS Ha KPAaTHOCTH Pa3/IMYHBIX IIPOCTHIX AesuTesel U T. 1.
O4eBUJHO, YTO C YIeTOM BCeX 3TUX OIpaHUUeHHN HaWTH HeueTHOe COBePIIIeHHOe YHCJI0 B 3TOM
MHpe HeT HUKAKUX IIIaHCOB, @ Ha 6BITOBOM KOMIILIOTEPE TeM boJlee!

6.3. HekoTopble 060611eHMA COBEPLUEHHOCTU
Ymcso 1 HasbIBaeTcsa k-KpaTHO coBepieHHBIM ', ecyiu o (1) = kn. O6GBIYHBIE COBepIIeH-
Hble YHcJIa II0IydarTcs IpH k = 2. KpaTHO coBeplileHHBIe YHcJIa ¢ k = 3 Ha3bIBarOTCs IIOJIHCO-

BE€PLHICHHBIMH.

3amaua. Ecyta y unciia n He 6oJiee TpeX pasIMYHBIX ITPOCTHIX TeUTeNeH, KaK npasu/o, u3 Toro,
4YTO 1 AeJUT 0 (1) BEITEKAET, UTO 71 COBepIIeHHO0. HaliuTe UCKIIOUeHUS.

OTBeT. IIMeI0TCs 1Ba TaKUX UMCJIA, 8 UMeHHO 120 ¥ 672, 1719 KOTOPBIX 0 (1) = 3n.

JlUI1 COBEepIIIEeHHOTO YMCJIa 71 BBIIIOJIHIETCA PaBeHCTBO o (n) = 2n. YHUCI0 n HasbIBaeTCs
CBepXCOBepPUIEHHBIM, ec/IU 0 (0 (n)) =2n.

3agaua. HaliuTe cBepXCcoBepIlleHHEIe YHCJIa, MeHBIIIHe OJHOI0 MIJUIMOHA, U COOPMYIUPYHTE
THUIIOTe3y 0 TOM, KaK BBIIVIAJAT BCe CBEPXCOBEPIIIEHHBIE YHCIIA.

OTBeT. TaKHX UHCEJ CEMb:
2=2%1 4=2%1 16=25"1 64=2""1 4096=2"3"1 65536=2"""1, 262144 =2"9"1

Bce OHH SBJIIIOTCA CTEIIEHSIMH JBOMKH, a CIIMCOK IT0KasaTesIeH y>Ke BCTpedasIcs HaM B CBSISH
c ynucaaMu MepceHHa. Kak sametust CypbsgHapas [331], aTa rumoresa BepHa: Jiro60e deTHOe
CBEepXCOBepIeHHOe YKCI0 UMeeT Buj 2P~ 1, 1u1a HexoToporo npocmozo uucia MepceHHa M,.

Yucyio n Ha3blBaeTCsI U30BITOUHBIM, €CJIU S(71) > 1, © HeA0CTATOUHBIM, eCJIU S(n) < n.
3amaua. Kaxkux urcest cpefu unces < 10° 6osrbiie, M36LITOUHBIX HIM HeJJ0CTaTOUHBIX?

Yuciio n Ha3bIBaeTCsl HOJIYyCOBEPIIEHHBIM, eCJTH OHO SIBJIIETCSI CYMMOM KAKUX-MO — He
06513aTeIbHO BceX! — CBOUX COOCTBEHHBIX JleauTese. UKcIo Ha3bIBaeTCsl NPUIYAIUBBIM,
€CJIF OHO U30BITOYHO, HO HE TI0JIyCOBEPIIIEHHO.

3amaua. HalinyTe Bce IpUYYyA/IUBEIE YKciia, MeHbIIHe 500.

OTBeT. TaKOe YUCJIO POBHO OJHO, 8 UMeHHO, 70.

40 TIpo KpaTHO COBepIIIEHHEIE YKC/IA 51 BIIEPBEIe YCblmta oT Hukosas Ipuropsesrda Uygakosa rogy B 1968. Toraa
B JIOMU, fja ¥ Ha MaT-MeX IIOTOKOM IILTH ITKChbMa JIIo6uTesIel MaTeMaTHKHU C HOBBIMHU BeJIMKUMHU OTKPBITUSIMU.
HamrcaHbI OHU OBLIH OT PyKH Ha KJIeTUaThIX JIUCTOUKaxX OyMary, BRIpBaHHBIX U3 IIKOJbHBIX TeTpajoK. IIpoIleHToB
Ha 90 3To 6BLIM [TOKa3aTeJIbCTBAa TeopeMbl depMa C OJHOM U TOM >Ke CTaHJapTHOM oImokoi. Ho BcTpedannch
U 60J1ee 3aHUMAaTeJIbHEIE BeIllH, OIIPOBepyKeHHe KaHTOPOBCKOT0 JUaroHaJIbHOIO IIpoIiecca, 0Ka3aTeJbCTBO YeT-
HOM runoTessl l'osba6axa, 0CHOBaHHOE Ha paBeHCTBe 2 + 3 = 5, roka3aTeJbCTBO ¢opMyJibl (—1)-(=1) = -1 U T. 1.
Tenepb, KOHEYHO, BeCh II0JJ0OHBIHN e TUPUYM Cpasy BHIILIECKHBAETCS B COITMAIbHBIE CETH, MUHYS OT/leJI HAayKHU
BacuireoctpoBckoro parikoma KIICC (co6cTBeHHO, COIlMaIbHble CeTH M UTPAKOT Tellepb TaKyIo »Ke PoJib). Tak BOT,
UyIakoB YIIOMSHYJI IIPO THUCHMO, aBTOP KOTOPOT0 HaIllesI 06Iree pellleHHe YpaBHeHUs 0 (n) = kn 11 106010 k
U yBePSLI, YTO 3TO 3HaHUe rapaHTUpyeT beccMepTHe B OyKBaJIbHOM QU3WUIeCKOM CMbIcIe — “Some pirates achieved
immortality by great deeds of cruelty or derring-do ...But the captain had long ago decided that he would, on the
whole, prefer to achieve immortality by not dying.” Hukosaii I'puropbeBUdY yabI0HYIICS U N06aBUI: «HeyAUBUTENIBHO,
BeJlb YoKe TOT, KTO Hal/[eT BCe pellleHUs ypaBHeHUs 0 (n) = 2n, CTaHeT 6ecCMepTHBIM». ['opaszio 60J1b111e IIPO PoJib
Huxosiasg I'puropbeBu4a B BOSHUKHOBEHHH 3TOM CTaThH, a TAKXKe IIPO TO, Kak u3bekaTh TaHaToCa U UYepHYI0 Kepy,
pacckasaso B [5].
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BoT ei1rie HECKOJIBKO HO,E[OGHLIX yc.]IOBHfI, KoTopblie PAKTUYECKH PACCMATPHUBAJINCH U KOTO-
PbI€ MOTYT IIOCIIY>KUTH CYGCTpaTOM [JIA TaKOT'0 JKe poJa 3agad.

» Upcsio 1 HasbIBaeTcsl KBa3MCOBEPIIEHHBIM, eCJIH OHO COBIIAJ[AaeT C CyMMOM CBOMX Hempu-
8UA/bHBLX TleJIUTeJIel — BceX, KpoMe 1 U 7, To ecThb 11 = (1) — 1. HUKaKKX KBa3UCOBEPIIEHHBIX
YriceJI II0Ka He 00HAPY>KeHO, HO OHU HHTEHCUBHO U3Y4YaJIUCh, U YAOBJIETBOPSIOT 60IBIIOMY
KOJIMUeCTBY OTpaHMUeHHH, B 4aCTHOCTH, 12 > 10%,

¢ UniciI0 71 Ha3bIBaeTCs MPOCTO COBEPUIEHHBIM, €CJIN Y 1 U §(11) OIMHAKOBbIE MHO>KECTBa
PasIMUHBIX IIPOCTHIX JleJIUTesel. SICHO, UTO JIt060€e COBePIIIeHHOe YHCJIO IIPOCTO COBEPILIEHHO,
HO eCThb U JIpyTrue IIpuMepsl, ckakeM, 120, 270 u 672.

e JletuTesIb d YMCIa 1 Ha3blBaeTCs YHUTAPHBIM, ecu d U n/d B3auMHO IIpocTHL. YucIo,
paBHOe CyMMe CBOMX COOCTBEHHBIX YHUMAPHbLLX leJIUTeJIel, Ha3bIBaeTCsl YHATAPHO COBEPIIeH-
HBIM.

o lesTuTeJIb d 4uciIa 1 Ha3bIBaeTCs OM-yHUTAPHBIM, €C/IH HauO0JIbIINY 061U yHUmap-
Hblll mesmuTenb d ¥ n/d paBeH 1. Unciio, paBHOe CyMMe CBOUX COGCTBEHHBIX 6U-YHUMAPHbIX
JesnTesel, Ha3bIBaeTCsd OM-yHUTAPHO COBEPHICHHBIM.
3agaua. /loka)kKuTe, YTO eJUHCTBEHHBIMU OU-YHUTApPHO COBEPIIIeHHBIMU UM CIaMU SIBJISTIOTCA 6,
60 1 90.

B ob11eM, you've got the idea! ®aHTa3usa UMCI0BUKOB-3aTEMHUKOB CTOJIb JKe HercuepliaeMa,
KakK 3J1eKTpoH. [TompakTUKoBaBIIUCh Ha [13, 16, 55, 58-61, 66, 67, 70, 71, 75, 76, 82, 90, 94, 120, 121,
154-158, 165, 173, 180, 187, 219, 232, 255, 259, 261, 265, 267, 285, 293, 297, 311, 312, 315, 325, 329-
332, 355, 373, 374] g Teneph U caM MOTY OpHUAyMaTh HECKOJIBKO COT TAaKOTO pojia 3a/au 3a
Beyep.

7. APY)XECTBEHHbIE YNC/A

B cBsI3U ¢ COBepIITeHHBIMU YHCJIAMU HEBO3MO>KHO He YIIOMSHYTB U O IPpyTo# mudaropei-
CKO1 33/1aue — 3a/iayue O APy>KeCTBeHHBIX YHCIIaX.

7.1. Napbl Apy>KeCTBEeHHbIX Yncen

Yuncsa m | 1 Ha3bIBAIOTCS APY’KECTBEHHBIMH |, CJIM CyMMa COGCTBEHHBIX Jle/TUTesIel
4uciIa m paBHA h, a CyMMa COOCTBEHHBIX Jle/IUTesIed YuciIa 1 paBHa m. HBIMU CJI0BaMy,
OTHOBPEMEHHO BBIIIOJHAIOTCA PaBeHCTBA S(m) = n U s(n) = m WIH, YTO TO Ke caMoe,

om)=oc(n)=m+n.

W3BecTHBIH GOITYH U $aHTa3ep SIMBIMX M3 XaJKHCA IPHUIIHCHIBAET JUYHO TOBAPHILY
ITudaropy ¢ ocTpoBa CaMoC OTKPHITHe IepBOii Maphl APY>KeCTBeHHBIX UHCes

220=22.5-11, 284=22%.71.

Brpouem, JleoHapy lukcoH orMedaeT [101], 94To y>Ke B OTHOCHIIeMNcd K 6oJlee paHHeH fjaTe
yacTy bubsinu B 3HaK npuMupeHus MakoB nogapui Mcasy, 6paTy cBoeMy, pogHO 220 oBely

41 MMo-anrmmitcky amicable pair. TepmuH friendly pair To’ke CylecTByeT, HO 03HaUaeT HEUTO COBEPIIEHHO
Ipyroe, paBeHCTBO 0 (m)/m = o (n)/ n.

42 3ra Touka 3peHUs IIoJIy4diIa IIMPOoKOoe pacipocTpaHeHUe B auTepaType: “It might be argued that elementary
number theory began with Pythagoras who noted two-and-a-half millennia ago that 220 and 284 form an amicable
pair”, [262].
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u 220 K0343, a [Tosr TaHHEPHU CYUTAJ, YTO MaTHUeCKHe CBOMCTBA MMaps! 220, 284 ObLIN U3BECTHHI
y>Ke B IpeBHeM Erurire.

B IX Beke cupuiicKkul MaTeMaTHK aby-XacaH Cabut u6H-Koppa n6H MapBaH aib-XappaHU
JloKasajl ciaenyrnui pe3yabTaT. Teopema Caoura HMOH-KOpphI: eciy Bce TPU UHCIA
p=3-2""1-1,g=3.2"-1wur =3222""1 _1 HedeTHBIe TTpOCTHIe, TO uucIa 2" pq u 2"r —
npyxectBeHHbIe* [2, 171], 3T0 Tak HaskIBaeMas mepBas ¢popMma Jitrepa [35].
3agaya. HafijuTe TpU Hapsl APy KeCTBEHHBIX UMCeJl.

Vkasanue. Kak Bcerja, Korma pedb HIeT 0 HeGOJIBIIIOM Iepebope BHadaje IIO-IIPOCTOMY:
Select, PrimeQ u rmoBepx Map. O6paTHhTe BHUMaHUe, YTO 1 = 2, ©Ha4e p = 2.

OtBert. [ludaroperickas rapa I10Jy4aeTcs, eC/IH B34Th B TeopeMe Cabura u6H-Koppsl 72 = 2. C 110-
MOIITbI0 3TOM TeopeMbl B XIII BeKe MapOKKaHCKUM YUeHBIN UOH ab-baHHa OTKPBLI CIEAYIOIIYI0
napy Apy>KeCTBeHHBIX UHCeJL:

17296 =2%.23-47, 18416 =2%-1151,

OTBeUYaKIyIo ciaydar 1 = 4. Teopema Cabura n6H-Kopps! 6bl1a HE3aBUCUMO IIepEOTKPHITA
B 1636 rony ITeepom Pepma u B 1638 Pene JlekapToM. IIpu sToM depma IlepeoTKpHLI I1apy,
OTBeYalollylo ciIy4ar 1 =4, a /lekapT IlepeoTKPHLI CIeAYIOLIYIO I1apy,

9363584 =27-191-383, 9437056 =27 - 73727,

O0TBEYaKIIyI0 CcIy4daro n = 7, 06Hapy>KeHHYI0 B XVI BeKe UpaHCKUM y4eHbIM MyxaMMaZoM
BakupoMm Haszau. Celiuac MBI MOKEM HAaWTH BCe 9TH ITaphI 3a T0JIH CEKYH/IBL.

3amaua. HaiiiyTe Bce Ipy>KeCTBeHHEBIe UCIa < 106.

OTBeT. B 1TaHHOM CiTy4Yae, KOHEUHO, JIYUIlle He BEIOUPATh X M3 CITHCKA, @ OPraHU30BaTh ITUKII,
BBIUUC/IAIONTUY Bee TosTy4datoltuecs 40 mmap 3a CeKYH/BL:

220 284 1184 1210 2620 2924 5020 5564

6232 6368 10744 10856 12285 14595 17296 18416
63020 76084 66928 66992 67095 71145 69615 87633
79750 88730 100485 124155 122265 139815 122368 123152
141664 153176 142310 168730 171856 176336 176272 180848
185368 203432 196724 202444 280540 365084 308620 389924
319550 430402 356408 399592 437456 455344 469028 486178
503056 514736 522405 525915 600392 669688 609928 686072
624184 691256 635624 712216 643336 652664 667964 783556
726104 796696 802725 863835 879712 901424 898216 980984

KpOMe TOTr0, UMEETCd ABe€ ITapPhI NPY>KEeCTBEHHEBIX YHCEJI, 00HO U3 KOTOPEBIX MEHBIIE MUJIJIMOHA:

947835 1125765 998104 1043096

43 «/IBeCTH K03, IBajIiaTh KO3JI0B, IBECTH OBell, IBaAIlaTh OBHOB», KHura beitug, XXXII, 14.
44 BoT, uro mHEIIeT M0 3TOMy IT0BOZy XepMaH Te Puite: “De meeste bekende bevriende getallenparen zijn gevonden
met behulp van variaties van de Regel van Thabit ibn Kurrah” [300].
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B xauecTBe HCTOPHUYECKOI0 Kypbe3a OTMeTHM, UTO BTOPYIO I10 BesinyuHe mapy 1184 u 1210
OTKPBUI TOJIbKO Hukkos10 [laranuau ™ B 1866 Toy [249] — ueThIpe CIeyIOIHX II0CTPOMII eIlje
ditnep B 1747-1750 ropmax!

Bcero diiep 06HapYXUJI nambdecsim 0egimb HOBBIX Iap APy KeCTBEHHBIX uuces [113],
KaK YeTHBIX, TaK U HeUeMHbIX, U3 KOTOPBIX MBI YKa’KeM JIMIIb HECKOJIBKO CAMBIX MaJIeHbKUX:
ZiBe YemHble TIaphl

6232=23.19-41  6368=2°-199 10744=23.17-79 10856 = 2%.23.59
H IBE HeUemHble I1aphbl
69615=23%.7-13-5-17 87633 =3%.7-13-107
11498355 =3%.5-11-29-89 12024045 =3*.5-11-2699.

Bcero x 1946 rogy 65110 H3BecTHO 390 ITap APy KeCTBEHHBIX YHCel, U3 KOTOPHIX 233 OTKPbLI
3pBapz IckotT [112]*°. Mocte aToro MocTpoeHMe APy>KeCTBEHHBIX ITap CTaI0 HabUpaTh 060POTHL.
K 1971-1972 rogaM 661710 OTKPHITO yoKe 1108 TakMx map, U3 KOTOPHIX 389 OTKPHLI DJIBUH JIH,
U BCe UX aBTOPHI U3BECTHHI NOUMEHHO. Bce OHU ITepevncieHHl B 0630pe JIu u /xosedpa Mamauu
[205-207], KOTOpBIe HACUUTHIBAIOT TAKOBEIX 27 YesoBek”/ 8,

OJHaKo B 9TO BpeMs IIPOHU30IILIH IBA COOBITHSI — IMOSIBUJINCH paboTkl BasbTepa Bopo [2],
U HavaJIu BCepbe3 UCII0Ib30BaTh KOMIIBIOTEPE], U 3TO IIOPOIMIIO AA8UHY HOBBIX I1ap. 3a I0CIe]-
HUe 50 JIeT 6BLJI0 OTKPBITO IIPUMEPHO B MUIJIIMOH pa3 60JIbIIle HOBEIX APy KeCTBEHHBIX I1ap, YeM
3a BCIO IIpe/IIIIeCTBYIOIY0 UCTOPHI0. OTPOMHYIO POJIb B 3TOM ChIrpaJu paboTsl SHa IlefepceHa,
XeHpuKa Te Puste 1 MapuaHo I'apcHy, 3a KOTOPBIMHU CTOAT Y>Ke MUJLIHMOHBI HOBBIX mmap™’.

Ho B mociiegHue Togbl peKopAcMeHaMU cTaiu PobepT I'ep6bud, KOTOPBIN OTKPBLI O0JIbIITE
173 MUJIJIMOHOB HOBBIX JPY>KeCTBEHHBIX I1ap, U Cepreil YepHBIX, KOTOPHIH OTKPHLT UX 60JIb-
Ille MUJIJIMapAa, CM. OIIMCaHue UCTOPHUH BCero IIpoeKTa U TeKylllel CUTyalliy Ha ero caiTe
https://sech.me/ap/. B HacTosIIIIee BpeMs 3alIIyIlleH eIlle OUH IPOeKT paclpe/ e leHHBIX BIUUC-
JeHu Amicable pairs, cM. https://boinc.ru/tag/amicable-numbers/, 1 106pOBOJIBITEI OTKPBLIN
elre IIPUMepPHO 5 MUJIJIMOHOB HOBBIX I1ap.

TeM He MeHee, BOIIPOC 0 6eCKOHeUHOCMU MHOYKECTBA TaKUX IIap OTKPBIT TaK »Ke IIHPOKO,
Kak Bo Bpems [Tudaropa.

ITpo61eMa. BeckOHEYHO JIM KOJTUYECTBO IPY’KeCTBEHHBIX ITap?

O6paTHTe BHUMAaHUe, YTO BCE U3BeCTHLIE ITaphl JING0 YeTHbIE, TG0 HedueTHbIe. CIeyIoIIHi
BOIIPOC HO-IIPEKHEMY OTKPBIT.

ITIpo6aeMa. CyIecTBYIOT JIU YeTHO-HeUeTHBIe APy KeCTBeHHBIe ITaphl?

45 Jpyroii [laraHUHY, IIOJTHBIA Te3Ka.

46 Brrpouem, JIx yTBEPIK[ALT, UTO Y CKOTTA GBLIM ONTHGKH, U GaKTHIECKH TOT OTKPBLT Beero 219 map.

47 Ty, mpaBpa, HY’KHO AKKYPaTHO CBEPSATD, KaK OHU YYHTHIBAIOT IOBTOPHI, HPAHCKUX M apaGCKUX aBTOPOB U T. 1.
Ho 310, KOHe4HO, cepbe3Has CO6CTBEHHO MCTOpHYecKas paboTa.

48 YT0GEI IPOMILTIOCTPHUPOBATE, KAKOTO POjia Gpe/IHAMI HAIOIHEH HHTePHET, IPOITUTHPYIO ITUPOKO 06CY KIABIIY-
10Cs Ha IIIaXMaTHBIX calTax 6aiKy o ®Pefope BaHOBUYe /ly3-XOTUMHPCKOM: «... HCIIMCHIBAJI IieJIble ITaUKH 6yMaru
nudpamu, OTKPBIBas “poJCTBeHHBIe UUCIA”, ... A TeHUH MaTeMaTH4YeCKHe 3aceflaid B aKa/leMUsIX, U OJJHOMY U3
HUX, aKaJleMHKY 110 paMUInU BUHOIpaoB, giaa Pepid mocial o6Hapy>KeHHbIe UM B 6eCKOHEeYHOCTH “POJICTBEHHEIE
umncsa”. Kak s IoHsIa, IlepBhle YeThIPHA/AIIaTh 9TUX YHCeJI HalllesI B CBoe BpeMs JleKapT, a A ®efsd foBeJI X KOJIHU-
4eCTBO JI0 IIIeCTUCOT. AKafleMHK, pagyMeeTcs, 6bLJ1 4eJJ0BEKOM YMHBIM H OIIyOJIMKOBaJ /ly30BO OTKPHITHE II07 CBOUM
BeJIMKMM HMMeHeM. /ly3 KYTKO Ha Hero pa3os/IjICs, HO CYAUThCSI U JOKa3bIBaTh aBTOPCTBO He CTajl. Bo-llepBBhIX,
II0TOMY, YTO HaBepHsKa IIpourpaJ 6bl. A BO-BTOPBIX, IIOTOMY, YTO He >KeJIaJl alle/UTMPOBaTh K FOCYJapCTBY, KOEro
B IIPUHIIMUIIE He IIPU3HaBaJI» [9]. MaTephIil yeI0BeUHIlle, IIeCTHCOT I1ap APY>KeCTBeHHBIX YHCesI 0T PYKHU B IITKOJIbHOHN
TeTpajKe, 3TO IIyTKa IIOCHUIbHee, yeM «MHUKpoMerac» I'eTe.

49 “Millionen stehen hinter mir”.
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7.2. HekoTopble 0606LeHUA ApY>KECTBEHHOCTU

JleoHapx JIMKCOH ITPE/JIOXKUII CIeAyIolee 0606IITeHIe IIOHITHS IPY>KECTBEHHBIX UK CeNT —
COBepIIIEHHO JIpyTroe 060061IeHNte, IIpeIoKeHHoe KaTasaHoOM, 06Cy KIaeTcs B CAEAYIOIIEM
maparpade. A UIMEeHHO, OH T'OBOPHT, UTO 1y, ..., H;; 06Pa3yIoT m-Ky IPY>KeCTBEHHBIX YHCEJI, €CTH

on)=...=ony)=n1+...+ ny.

CylIeCcTBYIOT JIH PY>KeCTBEHHEIe 171-KU IIPU 11 = 37
3agaya. ITocTpoiiTe YeThIpe IIePBHIX APY>KeCTBEHHBIX TPOUKH.

OTBeT. BoT camMasi MasleHbKas M3 HUX:
1980=2%.32.5.11, 2016=2°.3%.7,  2556=22.3%.71,
C CyMMo11 6552. BOT ciemyroias

9180=22.3%.5.17,  9504=2°-3%.11,  11556=2%-3%.107,
c cymMmotit 30240. Emfe gBe coBceM MajleHbKHe TPOMKH ¢ cymMmMaMu 70680, 87360 6e3 Tpyza
CTPOSITCA 38 CEKyH[BI.
3apmaua. IlocTpoiiTe ABe APY>KeCTBEHHBIX TPOUKHU C OAMHAKOBON CYMMOMH.

OTBerT. /[Be TAKUX TPOUKHU BCTPEYarOTCA JOBOJILHO PaHO. A UMEHHO TPOMKa
37380=2%-3-5-7-89, 41412=22.3.7-17-29, 42168=2%-3-7-251
U TpO¥MiKa

38940=22.3-5-11-59, 40608 =2°-3%.47, 41412=2%.3.7-17-29,

o6e uMmeroT cymMmMy 120960.

B 3akurtoueHue nmaparpada IpuBeieM HEIIOJHYI0 U [0CTaTOYHO CAy4alHyI0 II000PKY CTa-
TeU Ipo Ipy>KeCTBeHHBIe ITaphl U pa3jIMYHbIe UX 000011eHUs, KOTOpPbIe MBI UCII0JIb30BaIH JJIT
coCTaBJIEHU 3aJjad B pasHbIe OBl U I7le MO>KHO HAaUTH JajlbHeHNIIe CChUIKMU: [1, 21, 22, 33—
37, 39, 41, 42, 47, 69, 73, 74, 85-87, 104, 107, 122-126, 130, 144-147, 149, 161, 181, 182, 185, 186,
198, 203, 204, 220, 226, 251, 252, 256, 257, 259, 268, 269, 271, 292, 295, 296, 298, 299, 301, 333, 354].

8. OBLLUWUTENIbHBIE YAC/A N TUNOTE3A KATAJJAHA—ANKCOHA

B eMCTBUTEILHOCTH, KaK 3a/iayua 0 COBEpPIIIeHHBIX YHCIaX, TaK U 3a/fada 0 Jpy>KeCTBeHHBIX
YUCJIax SBJISIOTCS YaCTHBIMU CIy4YassMU BOIIPOCa O TPaeKTOPHUSIX QYHKIUU S : n — o(n) — n.
YrcyIo 1 COBEpIIeHHO, eCIU OHO SIBJISIETCS HEIIOABMDIKHOM TOYKOM 3TOM QYHKIIHY, s(n) = A,
U SIBJISIETCS OJHUM U3 JIPY’KECTBEHHBIX YMCeJI, eClIU s%(n) = n. ECTeCTBEHHO BO3HHKAaeT BO-
poC, UMeeT JIX 3Ta QYHKITHS 60Jiee IMHHBIE ITUKJIBI? JJIeMEeHTHI TAaKUX ITUKJI0B Ha3bIBAlOTCI
00IIUTEeIFHPIMHU YHC/IaMH. THBIMU CJI0BaMH, YHUCJIO 11 0OIIUTEIFHOE, eC/IH CYIIleCTBYeT TaK0oe
k=1, udto skn) =n.

e HaymHaroIasgacs ¢ yucsia 1 IocjaeoBaTeJIbHOCTh

n, s(n), s*(n), s*(n),...

50 MgI He paccMaTpHBaEeM TPOMKH C ITOBTOPSIOIIMMECS 3IeMEeHTaMH.
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Ha3bIBaeTCSI aIMKBOTHOMN II0C/J1eJ0BaTE/IbHOCTBIO.

° 06H.II/ITeJIIrHOE YHCJIO0 11 — 3TO TaK0oe YK CJIO, IJIsd KOTOPOI'o a/IMKBOTHaAs I10C/Ie10BaTe/Ib-
HOCTB BO3BpallaeTCsAa B 711, MHBIMHU CJIOBAMH, SBJISE€TCA a/IHKBOTHBIM ITHKJ/IOM.

B makeTe NumberTheory ‘NumberTheoryFunctions’ peanusoBaHsl QyHKIIUM AliquotSequence
u AliquotCycle, Bo3Bpamjarliye aJlUKBOTHYIO II0CJIEeLOBAaTEeJIbHOCTh U ee IIEPHUOJ, XOT,
KOHEYHO, 3TH QYHKIIUH 38 HECKOJIBKO CeKYHJ MOKHO HAIIMCATh OT PYKH.

3agaua. CyIiecTBYIOT JIM OOIITUTEIbHBIE YHCJIA, HE SBJISIOIIHIECS COBEPIIEHHBIMU WUIH pyJKe-
CTBEHHBLIMH?

OTBeT. CylllecTBYIOT, XOTSI HAUTU UX HEIIPOCTO, TaK KaK JOIOJTHUTEJIHLHBIM IIapaMeTPOM 37ieCh
CIIY>KUT JUIMHA aJIMKBOTHOTO ITHMKJIA, 8 KOPOTKUX ITUKJIOB (KpoMe ITUKJIOB [IIMHEI 4) cpelu
MaJIeHBKHUX YHCeJI BechMa MaJio! CIIeYIOHi MPUMUTHUBHEIN KO/

Timing[Block[{i=1},While[
Implies[Nest[divsum,i,5]==1i,divsum[i]==1],1i++];1]]

TI03BOJIAET 3a CeKYH/y HaiTU ITUKJI I/INHEI 5:
12496, 14288, 15472, 14536, 14264.

JdtoT nukJI Hates [Tyse B 1918 ropy.
3a rmapy MUHYT IIPSIMBIM I1€pe60pOM MO>KHO 00HAPY>KUTh U [TUKJI IJINHEI 4:

1264460, 1547860, 1727636, 1305184.

1I3BeCTHO MHOTO /IeCITKOB IIUKJIOB JUTMHEI 4. BOT HaIMeHBIIIHe 31eMeHTHI B 0CTaIbHBIX ITHKIAX
1o 107
2115324, 2784580, 4938136, 7169104.

Kpowme Toro, uMeeTcs ellie II9Th [[UKJI0B B HHTepBaJie OT 107 o 108, HaumMHaromeHCs C
18048976, 18656380, 28158165, 46722700, 81128632,
U YeThIpe [[UKJIA B UHTEepBaJe 0T 108 i (o] 109, HAYUHAKIUXCA C
174277820, 209524210, 330003580, 498215416.

Mp&I He 6yIeM IIPUBOJUTH OCTaJIbHbIE U3BECTHEIE 4-TTUKIIbI.
EcTh ellle HECKOJIFKO KOPOTKHUX ITMKJIOB, COCTOSITIIX U3 COBCEM HebOOJIBIINX YHces. BoT 1Ba
6-ITuKIIa:

21548919483, 23625285957, 24825443643, 26762383557, 25958284443, 23816997477,
90632826380, 101889891700, 127527369100, 159713440756, 129092518924, 106246338676;

JIBa 8-ITHKJIA:

1095447416, 1259477224, 1156962296, 1330251784,

1221976136, 1127671864, 1245926216, 1213138984,
1276254780, 2299401444, 3071310364, 2303482780,

2629903076, 2209210588, 2223459332, 1697298124;
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U, HaKOHeIT, 9-ITUKJI

805984760, 1268997640, 1803863720, 2308845400, 3059220620,
3367978564, 2525983930, 2301481286, 1611969514.

CaMBbli1 JJIMHHBIU U3BECTHBIU ITUKJI 9TO OTKPBITHIN [1yjIe ITUKJII [UIUHEI 28:

14316, 19116, 31704, 47616, 83328, 177792, 295488, 629072, 589786, 294896
358336, 418904, 366556, 274924, 275444, 243760, 376736, 381028, 285778
152990, 122410, 97946, 48976, 45946, 22976, 22744, 19916, 17716.

B 1888 roxy I>xeH KaTasnaH [57] BeicKa3aJ IpeAIIoNIoKeHHe, YTO KajK/aasi aJMKBOTHAs I0-
CJIef0BaTeIbHOCTD JAOCTUraeT Jubo 0, 1160 CoOBepIIeHHOro 4YKcia, Ha uTo Ileppo [253] TyT
’Ke BO3pasuJL, 4YTO 3TO HEBEPHO [JIA II0C/Ie0BaTeIbHOCTH, HaunHarIelica ¢ 220. T'umoresa
Karasana 6p11 vcipaBieHa JleoHapgoM JukcoHoM B 1913 roxy. lukcoH [99] McToIKOBAJ ee
KaK OTCYyTCTBHE Y QYHKIIMHU S 6eCKOHEUHBIX TPAaeKTOPUH.

I'mmoTe3a Karamanma—/InkcoHa. Kakzast TpaeKTopusl QYHKITUH S 32 KOHEUHOE YU CJIO II1aroB
OXOMIUT JI60 10 1, 1160 10 O6IIHUTETHFHOT0 YHUCIA.

3agaua. HaliiuTe Yrci10, KOTOPOE CaMO He SIBJISIETCS OOIIUTETHLHBIM, HO HAUHHAIOIASICS C KO-
TOPOT0 aTMKBOTHAS IT0C/Ie/IOBATETLHOCTD IOXOIUT 0 OGIITUTEILHOTO YHCJIa, He SBJISTIOIIErocs
HU COBEPIIIEHHBIM, HU JAPY>KECTBEHHBIM.

OTBeT. B KauecTBe COBCEM IIPOCTHIX IIPUMEPOB MOXKHO B34Th 9464, 12032 mnu 15476, cymMa
COOCTBEHHBIX Jle/IUTesIell KOTOPBIX paBHA 12496, miu e s(16312) = 14288, s(29066) = 14536.
Jlerko crpositca U 60JIee JUIMHHBIe TpaeKTopuu. HanpuMep, $(18922) = 9464.

BHpO‘-IEM, MHOTHE CUHUTAI0T, UTO 3Ta TUIIOTe3a MOYKET OBITH HEeBEpHa. HukTO, HaCKOJIBKO
s 3HAl0, He BbIPa’kaJl COMHEHUA B TOM, UTO BCe TPACKTOPHH, HAYHNHAIOIIIHECd B HEUeMHbIX
qHciax, O6pLIBaIOTCH, JIU60 3aITUK/INBAIOTCA.

I'mnoTe3a l'as—Cesndpumxa. I[IouTH Bce TpaeKTOPHUH QYHKIIMHN S, HAUMHAOIIKECS B UeMHbLX
4yHcaaX, 6eCKOHEYHEI.

CaMbIM y6euTeIbHBIM OnpogepiceHuem rumnoTessl Katamana—/[MKCOHA 65110 OBI IIOCTPO-
eHIe CTPOro BO3pacTaloIeli TPaeKTOPHH, TO eCTh HaX0KIeHHe TaKoro 71, uTo sk (n) > s~ 1(n)
IJIs BCeX k. ITO BPSJL JIU IIOJIYIUTCS, HO XeHpUK JIeHCTpa oKasasl CIefyIul yIUBATeIbHBIN
pe3yabTaT. I TH60T0 k CYIIeCTBYeT TaKoe 71, 9To 11 < §(1) < ... < s€(n). JlokasaTeabCTBO 3TOT0
¢akTa KOHCTPYKTUBHO U IIpUBeZleHO B paboTe Ipzera [109].

JTO 3HAYUT, UTO, KaK U I TeopeMsl ['yicTaliHa ¥ JPYIUX IIOL06HBIX Pe3yIbTaTOB, HUKAK0e
41CTO PUHUTHOE 00Ka3ame1ibcmeo TuIoTe3sl KatamaHa—/[MKCOHA HEBO3MOYKHO, MBI J0JDKHBI
HAYYUTHCS [IeJIaTh IPe/ICKa3aHus 0 IOBeJeHUH YHKITHH 5, He pacKyIajblBasd 3HaUeHHs s~ (1)
Ha MHOXKUTEJIH, UTO CeroHs IIpe/ICTaB/IAeT OCHOBHYIO TPYAHOCTD IIPU IKCNEPUMEHMANbHOM
HCCIef0BaHUU QYHKIIUU S.

[Tofo6GHBIMHU 9KCIIEPUMEHTaMM 3aHHMMaJIOCh MHOIO CIIEITHaJHUCTOB, HauWHasa c JleMepa
u l'ogBuHa (cM., HantpuMmep [30-32, 38, 62, 72, 78, 96, 118, 136, 141-143, 196, 221-223, 233-236,
250, 254, 263, 264, 272, 294]). TeM He MeHee, IJII MHOTHX JIa’Ke OTHOCUTEJIbHO HEOOJIBIITHUX 1
BOIIPOC 0 TIOBeJIeHUH I0CIe[0BaTeTLHOCTH s¥ (1) OTKPHIT. /[esIo B TOM, UTO ee IIPOMEeKYTOUHEIe
4JIeHBl MOTYT AOCTHUTaTh OTPOMHBIX 3Ha4YeHUU, IJI1 KOTOPBIX pasjIoKeHHe Ha MHOKUTEIN
CTaHOBUTCS COBEPIIIEHHO HebaHaIBLHBIM JIeJI0M, 8 HUKaKUX JPYIUX CII0CO00B BEIYUCIATD sk(n)
MBI CeTO/IHS He 3HaEeM.
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Taxk, emme Jlemep 06HapY>KIIL, 4TO yoKe I 1 = 138 1mmocie[oBaTeIbHOCTh UTepayiil s 3aKaH-
yHBaeTCcd TOJIBLKO Ha 117-M mare, s'17(138) = 1. B saapHetimem T'ait 1 Tait [136] 06Hapy»KHIH,
4TO [y1g 1 = 840 Takas I10CIef0BaTeJbHOCTh 3aKaHUYMBAETCI TOJILKO Ha 747 11are, TOoCTUTasA
B IIPOMe>KyTKe 3HaueHH it opska 108, Mutdesn lukepMaH MOGHII 3TOT PEKOP/, TPOBEPUB, UTO
II0CJIeJ0BATEeJIbHOCTh 3HAaUEHUH §, HAUMHAIIIAsACA B 17 = 1248, 3akaHuuBaeTcd Ha 1075 1iare,
JloCTHTas B IPOMEKyTKe 3HaUeHHH ropsiaka 10°7. BeanuTo u BapoHa [25] TOCTpOMIH mToCIe/[0-
BaTeJIbHOCTh, HAYWHAIOIIYI0CA B 4170, KoTOopas coluiack K 1 rmocse 869 ureparuii, JOCTUTHYB
Ha 289-M Imare sHaueHus opsizika 1083, 3To mpousomLIo B MpoIfecce MPOBEPKH aTHMKBOTHBIX
II0CJIefoBaTeJIbHOCTeHM A1 yrces, MeHbITUX 10000, ¢ ucrosab3oBaHnueM PARI-GP1 u UBASIC
U noTpe6oBaso paboTy IpUMepHO 20 KOMIIbIOTEPOB Ha IIPOTSHKEeHUH [BYX JIeT, “during nights
and weekends”.

CeropHa crcTeMaTHYeCKHe UCCIe0BaHUS II0BEeIeHUs aJIMKBOTHBIX I10C/Ie0BaTeILHOCTeH
IIPOBOJATCI B 3HAUUTEJLHO O0JIBIINX UHTepBalaX 3SHa4eHUH 71, HO CJIEJUTh 38 HUMU MO>KHO
TOJIBKO IIO CITeITMaJU3HPOBAHHBIM CafiTaM, TaK KaK IIOPO’KAaeMble KOMIIbIOTEPHBIM IIOMCKOM
06beMBI JAHHBIX CJIUIITKOM BeJIUKU JJI9 TPAAULIMOHHOM OyMa)KHOU ny6ukanuu. Cpeiu TaKKUX
Ca’TOB MO’KHO YIIOMSIHYTh, HallpUMep,

https://www.unirioja.es/cu/jvarona/aliquot.html
http://www.aliquot.de/
https://www.rieselprime.de/Others/Aliquot000.htm

9. OU SOMMES-NOUS?

JKaH [IbemoHHe [102] paszessi Bce MaTeMaTHUeCKUe 3a7ja4yy Ha:

— HEeIIPHCTYIHBIe — BOT TaKHe, KaK 3a/la4i 0 6eCKOHEYHOCTH KOJIMYeCTBa IIPOCTIX YHCE
MepcenHa Ui ®epMa,

— CTepWIbHBIE — TaKHe, KaK IIpo6jieMa YeThIpeX KpacoK — pellleHre KOTOPBIX HUYero He
Jajio MaTeMaTHKe; U

— IUIOAOTBOPHBIE — TaKHe, KaK 3a/iada o IIpe/ICTaBJIeHHH YkCla CYMMaMH KBaZpaToB, pe-
IIIeHre KOTOPOH IIPHBEJIO K Pa3BUTHI0 HECKOJIBKUX QyHAaMeHTaIbHBIX MaTeMaTHIeCKUX
TEOPHUI.

MHe IIpefiCTaBJISIeTCS, OTHAKO, YTO 3TH XapaKTepPHUCTUKH OTHOCSITCS He K CaMHUM 3ajjadyam,
a K ux penreHusM. [Ipo61eMa YeThIpeX KPacoK CTEPIIbHA He IIOTOMY, UTO OHa caMa He OTHO-
CUTCS K MaTeMaTHKe, a IIOTOMY YTO ee pelueHue He SIBJsIeTCS MMPOAYKTUBHBIM MaTeMaTHueCKUM
petteHreM. Ho Belb, CKaXkeM, U JOKa3aTeJIbCTBO TUIIOTe3bl PMaHa MeToZaMU KOMILJIEKCHOTO
aHaJIM3a TO>Ke OBLJIO OBI II0YTH 6eCII0Ie3HO /11 MaTeEMAaTHUKH.

Teopus ymces ¢ KOMIILIOTEPOM — 3TO TO Ke caMoe, UTO TeOpHUsI yrces 6e3 KOMIIBIOTepa,
HO ¢ KoMIIbI0TepoM. Teopema JIeHCTPBI TOBOPUT, UTO CYII[eCTBYeT HaTypalbHOE YHCJIO 1, AJI
KOTOPOTO II0C/Ief0BaTeJIbHOCTh sk (n) aBnsteTcs CTPOTO BO3pacTarIiel Ha mpoTsbkeHHUu 10 11 3
11aroB, Ha IpoTsokeHuH 10 111 3 maros, Ha npoTsbkeHuu 10 1111 3 maros, u Tak fasee.

ITo cBoeMy MHUPOOIIYIIIEHHIO B 3CTETHKE sI COBCEM He MHTYUITHOHUCT HJIH KOHCTPYKTHUBHCT.
Ho TyT MHe To>Ke 651710 661 HHTEPECHO 3HATh, WMO 03HAUAem HaTH U IIPOCYMMHUPOBATh /IeJIH-
Tesin yrcia n > 10 1111 3? MeHs 1IoKa He HHTepPeCYyeT BOIIPOC, KAK 3TO CAEJATL? /IJIs1 Hadasia
XOTeJIOCh OBI IIPOCTO MOHSATH, UTO 3TO O3HAUYAET? Kak TaMm HacueT “He also sometimes throws
the dice where they cannot be seen”?

ToT pakT, UTO BCe YIIOMSHYTHIE 3/[eCh 3a/]Ja4H O Pa3I0OKeHUH I1eJIbIX YHCesI Ha MHOYKUTETN
M CyMMaX UX JleJIUTesIeN IIPOJI0JDKAI0T Ka3aThCs CTOJb JKe HeIPUCTYITHBIMH, KaK M HECKOJIbKO
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ThICIYeJeTUH Ha3al, 03HavaeT JIUIIIb, YTO MbI BCE EII[E HE TIOHWUMAEM YETO-TO YPE3BHIUAWHO
BAXXHOTIO.

OrpomHas 6;1aroflapHOCTh Bosiozie XanuHy, BMecTe ¢ KOTOPBIM MBI HAUHHAJIH BCe 3TO Jie-

J0 jieT 15-20 Hasan u Calre IOpKOBY, KOTOPBIM BAOXHYJ B 3TO HOBYIO KU3Hb. OTHeJbHasd
6saromapHOCTE Ceprero II03gHSAKOBY, KOTOPBIM yOequI MeHsI HaIllucaTh 3TOT IIMKJI CTaTel.
MHe 6B1IM OUeHB I10JIe3HbI 00CyKAeHu ¢ ['annHoM ViBaHOBHOM CHHKeBUY, IIOBJIUABIIKE Ha
cojieprkaHUe IoCIeJHUX naparpados. S npusHarTeseH Bope KyHasckoMmy, Jlelite CTellaHOBY
u Hirbe [IIKpenoBy, KOTOPBIE Upe3BHIYaAMHO BHUMATEJIBLHO IIPOYJIM IIePBBIM BapHUaHT 3TOMU
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Abstract

Nowhere in mathematics is the progress resulting from the advent of computers is as
apparent, as in the additive number theory. In this part, we describe the role of computers
in the investigation of the oldest function studied in mathematics, the divisor sum. The
disciples of Pythagoras started to systematically explore its behaviour more that 2500
years ago. A description of the trajectories of this function — perfect numbers, amicable
numbers, sociable numbers, and the like — constitute the contents of several problems
stated over 2500 years ago, which still seem completely inaccessible. A theorem due to
Euclid and Euler reduces classification of even perfect numbers to Mersenne primes. After
1914 not a single new Mersenne prime was ever produced manually, since 1952 all of
them have been discovered by computers. Using computers, now we construct hundreds
or thousands times more new amicable pairs daily, than what was constructed by humans
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over several millenia. At the end of the paper, we discuss yet another problem posed by
Catalan and Dickson.
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