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Abstract

The aim of our paper is to explain a computer animation of the strictly critical rigid body
motion, which ought not be confused with any other motion in its “proximity”, however
close. We demonstrate that the (local) “uniqueness theorem” remarkably fails in the case
of critical motion which (time) domain must be compactified via adjoining the point at
(complex) infinity. Two (opposite to each other) “flips” correspond to one and the same
(initial) rotation, exclusively either clockwise or counterclockwise, (strictly) about the in-
termediate axis of inertia. These two symmetrical reversals of the direction of the inter-
mediate axis (of inertia), initially matching then opposing the direction of the (fixed) an-
gular momentum, share one and the same (symmetry) axis, which we call “Galois axis".
The Galois axis, which is fixed within the body (but coincides with no principal axis of
inertia), rotates uniformly in a plane orthogonal to the angular momentum, as our ani-
mation demonstrates. The animation also traces the corresponding two (recurrently self-
intersecting) herpolhodes, which turn out to be mirror-symmetrical. The “mirror” is ex-
hibited to lie in a plane, orthogonal to Galois axis at the midst of the “flip”. The Galois
axis itself is reflected across the minor (or the major) axis of inertia if the direction of
the angular momentum is reversed. The formula for the “swing” of the intermediate axis
in the plane orthogonal to Galois axis (in body's frame), turns out to be “a square root”
of Abrarov's critical solution for a simple pendulum, which (imaginary) period is (exactly)
calculated.
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1. INTRODUCTION

A comparative investigation of analytic representations of the solution of the dynamic Euler
equations, for the inertial motion of a triaxial rigid body about an axis possessing an interme-
diate value of the moment of inertia and passing through the center of mass, is performed. Nu-
merical integration of the kinematic equations of the spherical motion of a rigid body is carried
out via employing quaternion representation. Four solutions presented in the literature have
been exhibited to possess the property of stationary rotation of a special axis, rigidly attached
to the body, about the vector of the angular momentum. This axis (the Galois axis) lies in the
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plane perpendicular to the intermediate axis of inertia and its position is determined via the
ratios of the principal values of the moments of inertia. The solutions have been exhibited to be
obtained one from another via corresponding symmetry transformations. They correspond to
opposite initial rotations of the rigid body, as well as, opposite directions of “flips” in the process
of intermediate axis direction reversal.

2. SOLUTIONS OF THE DYNAMIC EULER-POINSOT EQUATIONS
FOR MOTION ALONG A SEPARATRIX

A known classical result in rigid body dynamics is the description of motion via a geometric
interpretation, in which the body motion is associated with the motion of a point along curves
of the intersection of the surface of constant energy

(Ap*+Bg*+Cr*)=h M

DN =

with the sphere
A%p*+ B2 g* + C*r* = m?, ()
constructed in the coordinates of the angular momentum. Generally, when m? # 2hB, these are

closed spatial algebraic curves of the fourth order. In the case of m? = 2hB they are intersecting
circles. For A=11, B =21, C =32, m/B =1 these separatrices are represented in Fig. 1.

Figure 1. The separatrices are lines of intersecting the surface of constant energy (red) and the surface of
the constant angular momentum (green)

If the conditions A > B > C, (1), (2), m? # 2hB are satisfied then the functions p(t), g(t), r(t)
are expressed explicitly via Jacobi elliptic functions [9]. Alternatively, they might be expressed
via the alternative elliptic function, as presented in [3, 5]. If m? = 2hB, then the rigid body motion
is along a separatrix and the solution is written in terms of hyperbolic functions. This coincid-
ing form of solution was repeatedly reproduced in the scientific and educational literature. In
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particular, following the works of [10, 11], the solution can be represented in the following form:
2h(B-C [2h 2h(A-B
p= ¥ secht, ¢=1/— tanht, r=- # secht,
A(A-C) B CA-0O)
2h(B-C [2h 2h(A-B
p= ( ) SeChT, q=- - tanhT, r = —( ) SeChT,
A(A—C) B C(A—C) (3)
2h(B-C [2h 2h(A-B
p=- (—) Sechr, q= [ tanh’[, r = ¥ SeChT,
A(A-C) B CA-0O)
2h(B-C [2h 2h(A-B
p=-— ¥sechr, q=-1\/— tanht, r=- # secht,
A(A-C) B C(A-0)

where T = \/2h(B_ ©)4-B) (t—to).
ABC

The works [8, 12] are confined to examining only the first of these solutions.

The attainment of an exact and numerically stable solution of the problem of the rigid body
motion along the separatrix was achieved via constructing a fourth axis (distinct from the three
main axes of inertia), which is called Galois critical axis [4, 5]. It (and only it) rotates uniformly
(that is, at a constant angular velocity) about the angular momentum vector, even as the inter-
mediate axis of inertia reverses its direction with respect to the that (constant) vector. The four
solutions thus obtained have the form:

ms m mc
p =—sechr, g = — tanhr, r = — sechr, I
A B C

ms m mc
p=——sechr, ¢g=-—tanht, r=-——sechr, II
A B C

ms m mc
pzjsechr, q:—E tanhT, r:—T sechr, III (4)

ms m mc
p=—-—sechr, g=-—tanht, r= —sechtr, IV
A B C

where A<B<C 1=Pm g_ JICZBB-A o JACB)  _ JCB=A
B CA B(C-A) B(C-A)

position of the Galois axis with respect to the principal axes of inertia of the body is de-
termined by the unit vector v = (c,0,—s) for the solutions I & II and the vector v = (c,0, s)
for solutions III & IV.

The solutions (3) and (4), while distinct in form, are equivalent and their apparent differ-
ence is due to the chosen ordering of the moments of inertia A, B and C, either ascendingly or
descendingly. However, the choice of ordering is elusive in the general case, where m? # 2hB,
and one ought (in fact) adhere to the ordering imposed via the rule given in [4, 5]. In the in-
variant description of the critical motion, the systems (3) and (4) contain two pairs of identical
solutions, which are due to two possible initial positions of the angular momentum with respect
to the chosen (inertial) coordinate system. One might also show that in order to obtain the Galois
axis, one ought to rotate the minor axis,' in its “initial position”, clockwise for an angle arccosc,
looking from the end of the vector of the angular momentum.

1We risk no confusion in our paper as the minor axis of McCullagh ellipsoid (which we employ) does coincide with
the principal axis, corresponding to the smallest moment of inertia.
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3. INTEGRATION OF KINEMATIC EQUATIONS

In order to describe the motion of the body, we use the quaternion parametrization, which
allows us to write down the relationship between the coordinates of the unit quaternion and
the projections of the angular velocity vector on the axis of the moving coordinate system in the
form of a system of linear homogeneous differential equations [7]:

. 1

ﬂo=§(—/1119—/126/—13r),
. 1

Al =E(/10p—/136]+12r),
. 1
ﬂzZE(/laP‘H\oq—/hr),
. 1

A3 :5(—/12p+/11q+/10r).

The results of integrating these equations on the interval —8x < < 87 for the initial condi-
tions 1o(—8m) =1, A1 (—8m) = A2(—8m) = A3(—8m) = 0, with the values of the parameters A =11,
B=21,C=32and m/B =1 in the computer algebra system Mathcad 14 with the use of the first

equation of system (4) are shown in Fig. 2.

N A NN
VARV R A R VARV £

Figure 2. Charts of change of the quaternion coordinates, determining the position of the moving axes of
the rotating body

The corresponding screenshot of the program is shown in Fig. 3.
The change in the angular velocity projections onto the moving axes according to the first
equation of system (4), for the given parameters, is demonstrated in Fig. 4.
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A=k Bia=221 Qm:: 32 m= B
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Figure 3. Program screenshot in the computer algebra system Mathcad 14

N

4 i — — = t

q ~ 11

Figure 4. The graphs of the projections (p, g, r) of the angular velocity’s vector onto the moving axes:
p —red, g —blue, r — green
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4. ILLUSTRATION OF THE MOTION

The results of integrating the kinematic equations make possible the formation of a func-
tional rotation matrix [6]

1 —2(/1% +/1§) 20142 — A3p) 2(AgAz + A1 A3)
R(1) =|2(AoA3+A241)  1-2(A3+2%3)  2(A2A3—-AoM) |,
2(/11/13 —/1()/12) Z(Aoﬂ,l +1213) 1 —2(1% +/1§)

as well as, the description of the motion of each point of the rotating body in fixed axes by means
of the matrix algorithm
r(t) = R(?) r(—8m).

Fig. 5 demonstrates the polar plot of the vector of the angular velocity (in green), the trajectory of
the intermediate axis and the trajectory of the Galois axis (in red) for all solutions of system (4).

o

equation I from the system (4) equation II from the system (4)
equation III from the system (4) equation IV from the system (4)

Figure 5. The animation frames of the critical rigid body motion along a separatrix

In full, the motion is illustrated by a synchronous animation https://www.youtube.com/
watch?v=cOm_yeKeCiQ. An invariant pair of synchronous solutions is represented by the
following synchronous animation https://www.youtube.com/watch?v=e9wGPh-iiRw.
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5. CONCLUSIONS

The animation of the critical rigid body motion along a separatrix was posted on Utube

(https://www.youtube.com/watch?v=e9wGPh-iiRw) on February 14, 2018. Ten days later, the
first comment was posted by Francois Lamarche (McGill University): “very nice indeed, really
shows how it keeps rotating with the same angular momentum, but in a completely opposite
direction”. Two (synchronously) displayed solutions correspond to one and the same initial
rotation (exclusively either “clockwise” or “counterclockwise”). Both solutions share one and
the same (fixed within the body) uniformly rotating Galois axis, as further clarified in [5]. We
emphasize that the law of motion, governing the swing (in a semicircle) of the intermediate axis
of inertia in the plane, orthogonal to Galois’ axis (in body’s frame of reference), is precisely a
“square root” of Abrarov’s critical motion for a simple pendulum [1-3]. The imaginary period
of such critical motion matches (in modulus) 27 B/(fm) = 2w v ABC/ v/2h(C — B)(B — A).

10.

11.

12.

References

D. L. Abrarov, Dzeta-model’ klassicheskoi mekhaniki. Teoreticheskie i prikladnye aspekty [The Zeta
model of classical mechanics. Theoretical and applied aspects], LAP Lambert Academic Publishing,
2016. (in Russian).

D. L. Abrarov, “The exact solvability of model problems of classical mechanics in global L-functions
and its mechanical and physical meaning,” in Mezhdunarodnaya konferentsiya po matematicheskoi
teorii upravleniya i mekhanike. Tezisy dokladov. Suzdal’, Russia, Jul, 7-11, 2017, pp. 149-150.

. S. Adlaj, “An analytic unifying formula of oscillatory and rotary motion of a simple pendulum (ded-

icated to 70th birthday of Jan Jerzy Slawianowski),” in Proc. of Int. Conf. Geometry, Integrability,
Mechanics and Quantization, Varna, Bulgaria, Jun. 6-11, 2014, pp. 160-171.

S. Adlaj, “Dzhanibekov’s flipping nut and Feynman’s wobbling plate,” in Polynomial Computer Alge-
bra Int. Conf,, St. Petersburg, Russia, Apr. 18-23, 2016, pp. 10-14.

. S. Adlaj, “Torque free motion of a rigid body: from Feynman wobbling plate to Dzhanibekov flipping

wingnut” in www.ccas.ru, 2017, [Online], Available: http://www.ccas.ru/depart/mechanics/TUMUS/
Adlaj/FRBM.pdf.

. A.V.Borisov and I. S. Mamaev, Dinamika tverdogo tela [Rigid body dynamics], Izhevsk, Russia: Reg-

ulyarnaya i khaoticheskaya dinamika, 2001 (in Russian).

. Yu. F. Golubev, Algebra kvaternionov v kinematike tverdogo tela [Quaternion algebra in rigid body

kinematics] (Preprinty PM im. M. V. Keldysha. no. 39), Moscow, Russia, 2013, (in Russian), [Online],
Available: http://keldysh.ru/papers/2013/prep2013_39.pdf.

. V. F. Zhuravlev and G. M. Rozenblat, Paradoksy, kontrprimery i oshibki v mekhanike [Paradoxes,

counterexamples and errors in mechanics], Moscow, Russia, LENAND, 2017, (in Russian).

A. P. Markeev, Teoreticheskaya mekhanika [Analytical mechanics], Izhevsk, Russia: RKhD, 1999 (in
Russian).

A. P. Markeev, Dinamika tela, soprikasayushchegosya s tverdoi poverkhnost’yu [Dynamics of a body
in contact with a rigid surface], Moscow, Russia: Nauka,1992, (in Russian).

W. Tong and H. R. Dullin, “A new twisting somersault — 513XD,” Journal of Nonlinear Science, vol. 27,
no. 6, pp. 2037-2061, 2017; doi: 10.1007/s00332-017-9403-4.

F. L. Chernous’ko, L. D. Akulenko, and D. D. Leshchenko, Evolyutsiya dvizhenii tverdogo tela otnosi-
tel’no tsentra mass [Evolution of rigid body motions relative to the center of mass], Moscow-Izhevsk:
Izhevskii institut komp’yuternykh issledovanii, 2015.

Video-links

1. A description of the critical motion of “Dzhanibekov’s wingnut” via Galois axis https://www.
youtube.com/watch?v=KC3Y8R6m6kU
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2. A computer animation the (dual) critical motion of “Dzhanibekov’s wingnut” https://www.youtube.
com/watch?v=e9wGPh-iiRw

3. Computer animation two dual “Dzhanibekov’s tops” https://www.youtube.com/watch?v=cOm_
yeKeCiQ

4. Computer animation, demonstrating a triply shared Galois axis https://www.youtube.com/watch?
v=5ipE5BBOmMAOQ
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NNNKCTPAULNIN ABVMKEHWA TBEPAOIO TEJIA MO CEMAPATPUCE
B CNIYYAE SANEPA-NYAHCO

Agnaii C. ®.", BepectoBa C. A.2, Muctopa H. E.2, MuTiowwoB E. A, 2

' degepanbHbIi HayuHO-UCCNeAO0BaTENLCKMI LiEHTP «MHdOpMaTIKa 1 ypaBaeHne»
Poccuiickoin akagemun Hayk, MockBa, Poccus
ZYpCDy umeHu nepsoro MpesngeHta Poccum b. H. EnbumHa, EkaTepnH6bypr, Poccns

AHHOTaUMsA

Llenb Haleid cTaTbyl — MNOSICHUTb KOMMNbIOTEPHYHO aHMaLLMI0 CTPOrO KPUTUYECKOTO ABU-
XeHus TBepAoro Tena, KOTOPYH He cnedyeT MyTaTb C KaKMM-NUOBO APYrM ABVXEHUEM
B €€ «OKPecTHOCTU», KakuM 6bl 6113KMM OHO HU 6b110. Mbl NPOAEMOHCTPUPYEM, YTO
(nokanbHas) «Teopema 0 eANHCTBEHHOCTU» TEPMNUT KPaxX B Cyyae KPUTLUUYECKOTo ABUXKe-
HWs, 061acTb onpejeneHns (BpeMeHn) KOTOPOro Ao/MKHa 6bITb KOMNaKTUGULIMPOBaHa
npucoegnHeHeM TOUKM (KOMMIEKCHO) beckoHevHOoCTU. [iBa (MPOTUBONOAOXHbIX APYT
ApYyry) «nepeBopaynBaHNsA» COOTBETCTBYHOT OAHOMY M TOMY Xe (HayanbHOMY) BpalLie-
HMHO (CTPOro) OTHOCUTENIbHO OCK, C MPOMEXYTOYHLIM MOMEHTOM MHEPLMW, AN MO XOAY
YacoBOW CTPeNKN WAV NPOTUB Heé. 3TV ABe CUMMETPUYHbIE CMEHbI HanpaBAeHUs Npo-
MEeXYTOYHOIN ocx (MHepLMK), NepBOHaYaNbLHO coraacyrolmecs ¢ HanpaeneHem (u-
KCMPOBAHHOrO0) Yr/10BOro MOMEHTa, a 3aTeM NPOTUBOHAMNPaBAEHbI eMy, Pa3AeNnstoT OHY
N Ty Xe 0Cb (CMMMeTPUK), KOTOPYH Mbl Ha3blBaeM «0Cbio lanya». Ocb lanya, XEcTko
dukcnposaHHas B Tesie (HO He COBMajaroLLas C Kakoli-1Mbo rnaBHOI ero ocbio MHep-
Lun), BpaLLaeTcs paBHOMEPHO B MI0CKOCTU, OPTOrOHA/bHOW YrI0BOMY MOMEHTY, Kak
nokasblBaeT Halla aHWMauusa. AHUMaLUWA Takxke OTCaeXnBaeT COOTBETCTBYIOLUME ABe
(pekyppeHTHO camonepecekaroLLmecs) repnosoAnm, KoTopble 0Ka3biBaloTCA 3epKaibHO-
CUMMETPUYHBIMU. «3epKano» NPosAB/AeTCs B MI0CKOCTU, OPTOrOHaAbHOM ocu lanya «no-
cpeau kyBblpka». CaMa ocb [anya oTpaxaeTcs OTHOCMTENBHO Manoi (Man 60bLLIOIA) ocK
NHepunKy, eCIV HarpaBAeHe Yyr10BOro MOMeHTa MEHSETCS Ha NPOTMBOMOOXHOe. Pop-
My/a «B3Maxa» NPOMEXYTOYHO OCN MHEPLMK, B NIOCKOCTY, OPTOrOHaNAbHOM ocn Fanya
(B cuCTeMe KOOPAMHAT Tena), 0Ka3blBaeTCs «KBaAPaTHbIM KOPHEM» KPUTMUECKOTO peLle-
HUs AbpapoBa Ans MaTeMaTU4eckoro MasiTHWKa, (MHUMBbIA) Neproj KOTOPOro (TOYHO)
BblUMCAALTCS.

KntoueBble cnoBa: ocb a/ya, CMHXPOHHAs aHUMAaLWs], KBaTEPHUOH.
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