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NOVEL ALGORITHMS
FOR CONTINUOUS-FLOW MIX-RADIX
IN-PLACE MULTI-BANK RAM-BASED FFT!

Abstract

A method of implementing in-place continuous-flow mix-radix FFT on multibank memory
with additional constraints is investigated. Using this method four novel FFT architectures are
proposed. Parallel butterflies in small radix stage allow substantial speed-up for mixed radix
FFT. The single-port memory architecture provides in-place strategy for libraries without dual-
port memory, effectively reducing memory requirement by 50%. Self-sorting architecture allows
using overlapped I/O for natural order FFT reducing initiation interval up to 30%. A combined
approach is also proposed.
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1. INTRODUCTION

Fast Fourier Transform (FFT) is used by multiple communication applications such as 802.11,
802.16 and their modifications. FFT processor performance is crucial for overall performance of
these applications. A common approach to FFT processor architecture is an in-place memory-
based one. Use of this approach guarantees that for each butterfly or group of butterflies both
inputs and results are stored in the same memory locations, so for FFT sampled at N points a dual-
port multibank memory storing N complex words can be used. Since memory dominates area and
power of memory-based FFT processor, such minimization of memory size is crucial for the
processor to be efficient.

One butterfly should be initiated every clock to maximize throughput for given butterfly size.
To do so each wing of the butterfly should read and write non-conflicting memory ports. This
requires conflict-free bank assignment.

Johnson [1] suggested an in-place addressing strategy and architecture that allows launch of
one butterfly per clock for pure-radix FFT.

Hsiao, Chen and Lee [2] suggested an in-place addressing strategy and architecture for arbitrary
mix-radix FFT launching one butterfly per clock.

Jo and Sunwoo [3] suggested an in-place addressing strategy and architecture for radix 2/4
FFT launching 2 radix 2 butterflies in radix 2 stage that utilizes 2 single-port N-sized memories.

Xilinx LogiCORE IP FFT [4] and Altera MegaCORE [5] use radix 2/4 memory-based burst
I/O architecture with both bit-reversed/digit-reversed and natural order of inputs and outputs.

!'Logical circuit implementation is pending Russian

© Camume C.U., Hlenn P.E., 2013 and US patents.
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Xilinx LogiCORE IP FFT uses a method for radix 2/4 FFT launching 2 radix 2 butterflies in
parallel, based on the RTL evaluation.

A flexible approach that generalizes results presented in above works is proposed. Using this
flexible approach a few novel FFT processor architectures with improved performance are
suggested.

For FFT sampled at N points, where N =r [R"™, 2r<R and R, r are radixes of butterflies
used in the FFT, the simple approach proposed by Johnson [1] s to calculate radix r butterflies
using radix R butterfly engine with redundant inputs set to zero. It is possible to significantly
speed up the calculation by using radix R butterfly engine to calculate multiple radix r butterflies
simultaneously. Such an improvement is proposed by Jo and Sunwoo [3]for r =2, R=4. We
generalize the approach for any r, R such that R is divisible by r.

A variation of the method that facilitates use of single-port memories instead of dual-port
memories while still launching multiple small-radix butterflies per clock is suggested. Replacing
dual-port memories with single-port memories while still granting the performance improvements
allows area improvements as well. Notice that use of this architecture allows creation of in-place
FFT processors with in-place addressing on libraries without dual-port memories, while usually
two single-port memories of size N are used. Therefore, use of this approach allows 50 % reduction
in memory area for libraries without dual-port memories.

Use of either decimation in time (DIT) or decimation in frequency (DIF) decompositions leads
to input or output having different order. Therefore if the order is important, a digit reverse must
be performed before or after the FFT calculation. It requires additional shuffling stage with complex
memory access pattern. So it is desirable to blend the shuffle operations with computations.

Hegland [6] proposed generalized self-sorting in-place FFT decomposition summarizing
previous works on the topic by mixing in-place transposition stages with computation stages. He
used symmetric two-sided decomposition combining DIT and DIF. A similar method using
asymmetric stage arrangement is proposed in this paper. Due to asymmetric property it is mapped
to DIT(DIF) FFT processor architecture with only change in memory generation preserving all the
benefits stated above. Using of this method allows up to 30 % reduction in clocks of initiation
interval of burst I/O normal order FFT radix-4 of length 1024 compared to Xilinx LogiCORE IP
FFT.

In section 2 a convenient notation for FFT addressing is given. A general formula for bank
assignment is proposed. In section 3 a FFT processor architecture utilizing dual-port memories is
proposed. In section 4 a FFT processor architecture utilizing self-sorting addressing is proposed.
In section 5 a FFT processor architecture utilizing single-port memories is proposed. In section 6
a combination of self-sorting and single-port approaches is considered. Proofs of theorems are
omitted in the sections and can be found in the appendix.

2. NOTATION

In this section a convenient notation for FFT addressing is proposed. For simplicity introduce
the following string substitution: [d]jj+j = di, disq, ., Gisj, [dlisj i =disj, digjoas i

If dy, ...,dg are, accordingly, ry, ..., rs radix digits, thenlet [dg, ...,dy] beamix-radix number
constructed by concatenating the digits. Ifany d; isaradix 1 digit, define [dq,...,d; 4, d;, d,_1,...,dg] =
=[d, ...,di41, diq, ...,dg] . This boundary case appears when proofs for mix-radix are applied for
pure-radix case. More formally, [dg, ...,dg] = dg + dy [ty +d5 [y [F +...+ dg O Cfy [, C)..[Hg 4 .

Consider a FFT sampled at N =r, [..[0,_; points decomposed into radix ry, ...,r,_; stages,
where r; <1, . Note: such ordering for radixes is not mandatory, but is used to simplify proofs
and explanations.
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Calculation of FFT can be viewed as two nested loops: outer loop iterating over stages and
inner loop iterating over butterflies (or butterfly groups for stages with multiple butterflies executed
simultaneously) within one stage.

Let FFT (K1, ---, ko) stand for result of the FF'T oninput numbered [k, _;, ..., ko] (k 00.r;, kg
being the least significant digit). Define a radix butterfly operation

By(frog, o To) = 3 g e VA% (1)
21Ti

Here W, = e r arecomplex roots of one.
Let Feyp([d]gn-c-2, Ke, [Klc-10) bestage c output numbered [[d]on-c-2. ke, [Klc-10] , where
k;are already processed digits and d, are digits that are yet to be processed, k; <r;, d;j <r,_;_1,

Fo(dg, -..,d—1) areinput sample points. Then FFT (k,_q, ...,Ky) = Fy (K1, ---,Kg) -
For DIT decomposition the FFT stage formula is

Fona([dlon-c-2: Ko [Klo-10)= B (Wor - W,y ), 2)
w, =W e 10] (g (a1 oIk 3
For DIF decomposition the stage formula is is
Fon([dlonc-z. ke, Ile10) =Wt o2 By (W, ), @
W, = Fo([dlop-c-2. U, [Kle-10). 5)

DIT decompositions leads to digit reverse order of the input points, and DIF decomposition
leads to digit reverse order of output points.

Notice that formulae for DIF and DIT differ only in whether multiplication by twiddle factors
is performed before or after the butterfly operation. Choice of decomposition type is insignificant
further, so for convenience suppose DIF is used.

Aradix r, butterfly in stage utilizes inputs with numbers [K,,_;, ..., Ko41, K¢y Ke_g, -+, Ko] , Where
k. varies from 0 to r. —1. Then the butterfly can be numbered by [K;,_1, ..., Kesq, Keeqs -+, Ko] -
The approach adopted in this paper implies use of memory split into r,_; banks in order to

allow pipelining butterfly execution: each radix r butterfly operation requires » memory reads
and r memory writes. Define bank and address assignments depending only on sample point
numbers (it is convenient to use such in-place notation even for self-sorting FFT, which is not

actually in-place). Let m(K,_4, ..., Ky) bebank assignmentand a(k,,_4, ...,Ky) beaddress assignment
within the bank for number [k, ...,kg] . In this paper any correct address assignment may be
used, for simplicity suppose everywhere a(k,,_1, ...,Kg) =[Kn-2,....Kp] . Let

lc([dn-1, - des1, g Aol d) =[dpg, -, desg, dy Doy -0 o] (6)
This notation can be used to conveniently separate butterfly number from wing number:
M(Kn-g, - K1, Ko) =M1 ¢ ([Kngs - Kear, Ke-1, kel Ko)) - (7

While there is a dependency between subsequent stages, butterflies within one stage are
independent from each other and therefore can be calculated in arbitrary order. Suppose q,
butterflies are run simultaneously in stage c. Stage n — 1 obviously has only one butterfly run
simultaneously, because only r,_; memory banks are available. For any stage ¢ that runs q,

butterflies per clock the inner loop iterates over butterfly groups numbered

o — U U
[Kn-1 - Ker2 Koz, Kegoo Kol where ki <1, keyq < E}%E—
c
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— [ A
n-1 c+2’ kc+1’ kc+1’ kc—l’ 0) where ki <r;, kC+1 < E,?. k et =G, [kC+1’ c+1] <.

be number of K_,, -+ thbutterfly executed in [Ky_g, ..., Kes2,Kesp,Keq, oo, Kg] "th iteration of loop

EI

Let T_(k

O]

iterating over butterfly groups in stage c. Essentially k., is splitinto [k . 10 Ke +l] and kC 4 1sused

as a part of butterfly group number, while @ is used to enumerate butterflies within the group.
The trivial traverse order for all stages is

T (kn 1 c+2’kc+1’kc+1’ c-1'"" ko) [kn 1 c+2’kc+1’ c+1’ c -1 kO] (8)
Let M ([K,_1,-.-.Kp]) be memory bank used initeration k of butterfly loop instage c. If ¢

radix r; butterflies are run in parallel, M, can be obtained as

MC([kn_y ko]) m(l (T (k n-1'"" c+2’kc+1’kc+1’ c-1'* O) k )) (9)

The hypothesis we will exploit is that the following bank assignment is conflict free and

allows multiple butterflies per clock in small radix stages for mixed radix FFT on dual-port memories
with trivial traverse order

M(Kn-1,--:ko) = B |0 T Emodry ;. (10)
Here g; are some constants depending on radixes chosen for stages.
This bank assignment generalizes bank assignments proposed by Johnson [1], Hsiao, Chen
and Lee [2] and Jo and Sunwoo [3]. It is also used as base for self-sorting and single-port memory
architectures.

3. FFT PROCESSOR UTILIZING DUAL-PORT MEMORIES

Consider a FFT sampled at N =r [R"™! points using radix r, R=r [€| butterfly operations,
Le. rg=r,n=..=r,1 = R. It can be calculated utilizing a FFT processor with the following
architec-ture similar to one presented in [1]. The corresponding block structure is shown on
Fig. 1. It consists of Address Generation Unit (AGU), Random Access memory (RAM), Switchable
Interconnect (IC), Butterfly Processing Unit (PU), and twiddle memory.

The key feature of the architecture is AGU implementing addressing strategy that allows
execution of ¢ butterflies simultaneously in radix r stage. Launching multiple butterflies

AGU twiddles

address

bank 0
bank 1 —
bank R-1

Dual-port RAM/RF

Fig. 1. Architecture for a FFT processor utilizing dual-port memories
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Tab. 1. Estimated clocks count for different modifications of the approach

One butterfly per clock Proposed approach

Clocks Radix Clocks Radix
512-point 192 8 192 8
1024-point 896 2/8 512 2/8
2048-point 1280 4/8 1024 4/8
4096-point 2048 8 2048 8

simultaneously makes radix r calculation ¢ times faster, therefore granting significant performance
improvement.
The AGU may use trivial traverse order (8) and bank assignment

M(Kyg,-.. o) = Ezi”:‘;ki +ako FnodR. (11)

Notice that the bank assignment (11) is a special case of formula (10) and equals to bank
assignment introduced in [1] for r = R.

Theorem 1. The bank assignment m (11) with trivial traverse order T, (8) guarantees no
conflicts for dual-port memory FFT processor.

Values of n and r can be adjusted at run-timne to use one FFT processor to calculate trans-
forms (and reverse transforms) of different sizes. Performance gain in comparison to other
modifications of Johnson’s approach for some sample lengths is addressed in a table below. Notice
that the numbers are estimates: pipeline length and, probably, some other constant modifiers must
be added in order to obtain real clock count. Although only values for power of 2 radixes are listed,
the approach can be used with non-power of 2 radixes as well Tab. 1.

4. FFT PROCESSOR UTILIZING SELF-SORTING ADDRESSING

Consider a FFT sampled at N =r [R"™ points using radix r, R butterfly operations, i. e.
fo=r,n=..=r,_1 =R, where R=r [§]. Both of common decompositions DIT and DIF lead to
either input or output having reversed digit order, i.e. in order to obtain the result an explicit digit
reverse operation must be performed. An improved architecture that mixes digit reverseinto a FFT
processor is proposed. So no explicit digit reverse is required, while it is still running multiple
butterflies per clock in radix r stage.

n+1 ..
The same bank assignment (11) as in section 3 is used, first o stages use trivial traverse
order (8) as well. However, for radix R stages outputs of butterflies are transposed: output numbered

[Tv, w] is written as if it was numbered [w, ;v] , where w0.r -1, wO. .. Starting from stage

n+1

T, e permutation of outputs is introduced: for stage ¢, where ¢ # n—1, butterfly with inputs

numbered

K o ko], (12)

Outputs are stored in memory addresses calculated as for outputs numbered

K .k ...k _k_k_ .k

c’c-1'"c-1’ " Pn—c’ "n—c’ "n-c-1’

[kn—l’ I(n—l’ v kc+1' kc+1' kc’ K n-c-1 I(n—c—Z’

(k... k KooK .

n-1'"n-17 """ e+l Te+l?

Kier Koo Ko Kooy Knoomz s Knooogs - Kol - (13)

c-1'***""n—c’ ¢’ ¢’ "'n—c-1’ “n-c-2’ "n-c-2’

K ok gk g

n-c’ c-1’

kn—c—l’
Notice that which half of the stages performs reverses is insignificant (Fig. 2).
The resulting FFT processor has the following architecture (Fig. 3).

Consider the following traverse order
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Tc(kn—l’ o I(c+1’o’ I(c—l’ ""[kn—c’ I(n—c]’[kn—c—l’ I(n—c—l]’ I(n—c—Z’ v k71’ kl’ kO) =

:[kn—l’ e kc+1’ kc—l’ ""[K—c’ko]’[kl’kn—c—l]' kn—c—2’ ""E’ kn—c’ kn—c’ kn—c—l:I ,e<n-2, (14)

Tro (K1 0K g oo Ky KoL I KT ko) = 1K1 K g Ko gk Kok, (19)
Th-1(0Kn-2,.-. Ko, Ky, ko) =[Kn-2, ..., Ko, kg, Kol - (16)

Theorem 2. The bank assignment m (11) and traverse order T, (14), (15) guarantee no
memory conflicts for self-sorting FFT processor.

5.FFT PROCESSOR UTILIZING SINGLE-PORT MEMORIES

Consider a FFT sampled at N =r [R"™ points using radix r, R butterfly operations, i. e.
fo=r,rn=..=r,1 = R,where R=r [¢] iseven. Asshown in section 3, an FFT processor providing
significant performance improvements over pure-radix approach suggested in [1] can be constructed.
The AGU can be further modified in order to allow use of 2R 1rw memory banks without increase
of overall memory words count. Replacing dual-port memories with single-memories improves
the architecture in terms of area while preserving the performance advantage over [1].

The modified FFT processor has the following architecture (Fig. 4).

The absence of memory conflicts is guaranteed by select of such memory assignment and
traverse order that read/write operations for memory banks interleave in subsequent clocks. Let

R clocks
A
4 k|
R Butterfly R-1 W
lock:
¥ ij . R Butterfly R-2 W
( } aes 1 Batch
R Butterfly 1 W
R Butterfly O W ‘
|
time

Fig. 2. Delay of write operations in stages performing reverse

twiddles
\address
T b R
IC IC PU
4 bank r-1 _ N

Dual-port RAM/RF

Fig. 3. Architecture for a self-sorting FFT processor
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M(K_q, ... Ko) = %ngi ~ (ko mod2)ﬁnod2R. (17)
Let traverse order for stage 0 be
To(Kngsooos KooK k) = 1K g kg, 3 ok + Ky + kg [F)modR], (18)

For other stages trivial traverse order is used:

To(Kgs oo Koo Keag o Keag Kogo oo Kg) =LK g0 oo Kip Kegg Koy Keogs -0 Kg) - (19)
Theorem 3. If the design’s pipeline length is odd, the bank assignment m (17) used with
traversal orders T, (18), (19) guarantees no memory conflicts for single-port FFT processor.

Notice that since every butterfly in radix 7 stage utilizes all possible values of k, and absence
of conflicts in radix R stage is guaranteed by interleave of dy;mod2 values for subsequent
butterflies, it is required to wait for the pipeline in radix r stage to finish before launching the first
radix R stage.

6. SELF-SORTING FFT PROCESSOR WITH SINGLE-PORT MEMORIES

A self-sorting architecture on single-port

- i memories is proposed for N-points FFT
processor. [t combines benefits of architectures
address proposed in section 5 and section 4. The
| , proposed processor has a following architecture

bank 0 = I (Flg 5)
B Consider a FFT sampled at N =r [R"?
bank 1 — " i points, where R=r [{], n=3, r iseven. Let p

be pipeline length, suppose p is odd. The idea
S is to combine approaches presented in the
bank 281 ko= | above sections: have read/write operations
interleave for each memory bank and eliminate

1rw RAM .. . el .
external digit reverse by reversing digits in
. . ) h+10
Fig. 4. Architecture for a FFT processor stages starting from stage numbered H2 H

using lrw memories
s Since addressing for self-sorting FFT does not

] |

N
bank 2R-1 <ng>

1rw RAM

Fig. 5. Architecture for a self-sorting FFT processor on single-port memories
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differ from plain FFT in stages that don’t Butterfly 0

perform digit reverse, the substantial task is to i Stﬁggz g
combine the approaches in digit reversing Butterfly R-2 Butterfly 1
stages. It can be done by grouping butterflies Butterfly R-1 Butterfly 1
into batches of size 2R in a specific manner. In >
single-port approach no read/write conflicts are Butterfly 0 Butterfly R-2
granted by interleave in some digit k; . In stage BRI ga:tgmv g:i
one size 2R batch is constructed from two size Butterfly R-2 Butterﬂ: AL
R batches covering all values of K, k,_._1 such Butterfly R-1

that values of k; interleave between the batches
(butterflies from different batches interleave).
Similarly to self-sorting approach for dual-

Fig. 6. Butterfly batches merging scheme

port memories outputs of radix R butterflies are transposed: output numbered [Vv, Vv] is written as

if it was numbered [w, W] .

Then with use of pipeline delay of length 2R — 1 —p there can be no read/write conflicts and
no write before read conflicts (by batch construction).

However, it can be proven that in order for this approach to be successful in the last stage for
radix 2, the bank assignment must be invariant with respect to switch of the last digit k,_; and the
first digit ky. The bank assignment used for single-port memories does not comply with this
requirement and heavily relies on asymmetry to grant read/write operations interleave. Therefore,
anew bank assignment is required (Fig. 6).

The proposed bank assignment is

MK, 1, ko) = %Z K +2Er0§+2§<“7—1%+(k0 +k_)mod2)modR.  (20)

Itis easy to prove that m is a correct bank assignment (the proofis similar to one presented in
section 3 and is omitted). The traverse orders proposed for stages is

=0, %n_l, ko Iy Tk Finodr + Sﬁ% 2mk1modr)§

0

0 h+10

Ep< <g—E [Kn-1, - K1, (Ko + Kp—1) modr]

1 0 0 K (0 _
; Esc<n—], Krqs - Knecas DKnec modr,g%[ﬂ%mrg modr,é"%%
T. (k%) = = B Oor mo 1)

- Mk, O ul

B Kn-c-2y -+ Ko, Kn c—b%ﬂ(ko +ky —1)m0d2%

TR S

%n 2 % ko MO dZDEk modq E@ kl EﬂodZ%ﬂ odr, 1m0d2q,%%
K =Kpq, e Kesgs Koo oo ,k0 (22)
Kenrg = (K mod(210) % + 2 (23)

Theorem 4. For FFT sampled at N =1 [R"™ points, where r is even, if pipeline length p is
odd, the single-port self-sorting FFT processor with pipeline delays postponing writes for
2R —p—1 clocks with bank assignment (20) and traverse order T, (21) has no memory conflicts.
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7. RESULTS

In this paper we generalized Johnson’s approach [1] and considered not only conflict-free
bank assignment, but also butterfly traverse order within a stage. We proposed a new parameterized
conflict-free bank assignment generalizing the previous results on relatively prime mixed radix
[2] and multiple butterflies per clock [3].

Using these results we considered four new FFT architecture modifications supporting run-
time change of transform length (up to implementation-dependent maximum length) and direction.
Correctness of used address assignments is proven. For architecture of a FFT processor with dual-
port memories (section 3) High Level Synthesizable (HLS) SystemC model was created. The RTL
obtained has reasonable area characteristics compared to commercially available cores, proving
that the architecture can be effectively used to create actual designs. The results of gate-level
synthesis show that the AGU utilizes negligible size and power compared to RAM and PU. For
other architectures only reference models were developed.

For traditional dual-port memory architecture we considered modification for running multiple
butterflies per clock for radixes other than 2/4. It substantially improves architecture performance
if small and big radixes have large difference.

We also considered mix-radix self-sorting architecture. At the cost of radix pipeline stages in
the butterfly processing unit it allows simpler integration with other computations as part of
reconfigurable DSP and allows using of overlapped I/O as stand-alone block improving the initiation
interval up to 30%.

We considered single-port memory in-place architectures. The basic single-port architecture
allows using in-place strategy for libraries without dual-port memories, effectively reducing memory
area by 50% with modest requirement of odd pipeline length of butterfly processing unit. We also
considered the hybrid architecture combining both self-sorting and single-port memory. It provides

benefits of both approaches at the cost of (2 [fadix —1) pipeline stages.

8. SUMMARY

The architecture under consideration is one of the common architectures for computing long
FFT. The novel algorithms are of practical interest as they increase possible design space by
providing new area/performance trade-offs for practically useful scenarios like latest OFDM-based
protocols for ground cable networks and 4G wireless.

The approach can be applied to building architectures for non-2" lengths if it is of practical
interest. The algorithms aren’t unique and are defined up to transposition of some digits.

Only one of the developed architectures was implemented in RTL, so the practical
implementation for other architectures is still required. There is a possibility that synthesis will
imply some modifications in algorithms to make them more hardware-friendly.
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APPENDIX

Theorem 1. If the bank assignment used with trivial traverse order

MK, 4, ... ko) :ﬁzi”jki - gk FfnodR, (24)

(Te(Kpez - c+2’kc+1’kc+1’ -1 Ko) =LK —1""’kc+2’kc+l’kc+l’ -1+ Kol) . (25)

1t guarantees no conflicts for dual-port FFT processor. See section 3 for the processor’s description.

Proof: For radix R stage numbered c conflicts can only occur between wings of one butterfly. Suppose

a conflict occurred on wings kc, kc,

m(kn—l"“’kcﬂ’ c’ c—l’" ko) m(k n=1r " c+1’ c’ c—l"' kO) (26)

From definition of m it means k = k .(ModR), which leads to k = k , since kc,kC < R. So conflicts

in radix R stages are impossible. It can be shown in the same manner that in radix r stage there are no
conflicts within one butterfly.
Suppose 2 butterflies in the same butterfly group in radix r stage have a conflict, i. e.

Ky K by 1K) = Koy R K ), @7

where E E <g. From definition of m it means E + g 4= k:1 + k:0 [(modR) . Since kT,E <r,itleadsto

k1 K., ki Ky , therefore, conflict is impossible. m

Theorem 2. If the bank assignment and traverse order are used

M(Ky-1,---K) = B [~k + kg FnodR, (28)

Tc(kn—l’""kc+l’0’kc—l""’[kn -C’ n C] [kn -c-1’ n c—l]’kn —-c—2' """ ’E’kl’ko) =

:[kn—l""’kc+l’kc—1"" [ n-c’ O] [kl’kn c—l]’kn —C— 2’k1’kn -c’ n c’ n c—l] C<n_2’ (29)
L CR SO DS CRCA DS B LR SIS B (30)
To1(0,Kn—z, - K kg, Kg) =[Kpops -os Ko, Ky, Ko - (31)

1t guarantees no memory conflicts for self-sorting FFT processor. See section 4 for the processor’s
description.

Proof: T isa transposition of digits in butterfly number, therefore it can be used as a traverse order.
Parts of every digit k; = [Ei,kT] are permuted with symmetric parts of digits k,_; and k,,_;_;, which
results in digit reverse for k considered as a number constructed of digits [E, K; ]. Since original decomposition

reversed digits K; and butterfly outputs transposition restores order of [k, k; ], it grants that input and output
have the same digit order.

With this approach stages performing reverses are not in-place, therefore it must be ensured that during
the stage computation a memory location is written only after it is read by a butterfly. For each stage performing
reverse the correct order of read/write operations is guaranteed by reordering butterflies within the stage so

that all butterflies with coinciding values of K 3, ..., K3, K. q5e0 KooK 15K ooy -y Ky are executed
sequentially in one batch and adding pipeline delays postponing write operations for R—p clocks, where p
is pipeline length. Since write operations of butterflies from one batch can only corrupt values read in the
same batch and the butterfly loop is pipelined, these measures are enough to grant correct read/write order.

The bank and address assignments used are the same as in section 3. Since in terms of addressing only
the butterfly traverse order is modified, there are no memory conflicts (see Theorem 1). m
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Theorem 3. If the design’s pipeline length is odd and the bank assignment is used with traversal orders

M(Ky_y, ..., Ko) = ﬁzzi“:‘;& ~ (ko mod?2) ﬁmod 2R, (32)
To(Kys oo Ky K k) =Ky e Ky, STk, + Ky + K, F) modR, (33)
Tc(kn—l’ : ’kc+2’ I(c+l’ I(c+l’ c-1" ko) =[k n-1 " c+2’kc+11kc+1vkc—1a K ) »c#0. (34)

It guarantees no memory conflicts for single-port FFT processor. See section 5 for the processor’s
description.

Proof: For radix R stage numbered memory conflicts can occur between read operations of different
wings of one butterfly, write operations of different wings of one butterfly, or write operation of a butterfly
and read operation of some subsequent butterfly. Read/write conflicts within one butterfly on wings E K
would mean

Zzl —0izc ki + 2k - (kymod2) = ZZI Coi%c k +2k_ - (k, mod2)(mod2R), (35)
which implies o I
k. =k.(modR), i. e. k. =k . (36)

so conflicts within one radix R butterfly are impossible.

Since trivial traverse order is used in radix R stages and r is odd, values of K, interleave for subsequent
butterflies. With pipeline having odd length, it guarantees that any 2 butterflies that have read and write
operations within the same clock have different parity of k;, and therefore use banks with different parity,
therefore there are no conflicts on wings of different butterflies in radix R stages. The above reasoning holds
when the butterflies are from different radix R stages as well.

For radix r stage consider memory bank assignment for an arbitrary wing of arbitrary butterfly:

(T (K, g, onr K ,EE ) ko) = (43 [Tk, + 2k, + 2k, [T + 2k, —k, mod2) mod2R =
BAEZ k1 EL + Eﬁ% 2(k, mod2) + k, modzg‘nodZR (37)

Points used in butterflies from one group have coinciding values of k;,_4,...,K5, k, and differ only in

— - 0
K. Since k, <gq-1, (ko
kKo k=q B

HS % —1itis enough to consider
D(()D -
=4 2r [k, + ko modz2. 38
My EEE* 1+ Ko (38)

Since 4%(2&§< 2r, values of m, coincide only for coinciding values of k:1, K, - Hence there are no

conflicts within one butterfly group.

Values of El interleave for subsequent butterfly groups. With pipeline having odd length, it guarantees
that any 2 butterfly groups that have read and write operations within the same clock have different parity of
E, therefore use banks with different second bit in radix 2 representation of the bank’s number. Hence there
are no conflicts on wings of butterflies from different butterfly groups in radix r stage. m

Theorem 4. For FFT sampled at N =1 [R"™ points, where r is even, if pipeline length p is odd, the
single-port self-sorting FFT processor with pipeline delay postponing writes for 2R — p — 1 clocks with the
following bank assignment.

(K1, ko) = Ezz K +25r‘°§+ ék—‘l%(ko+kn_l)mod2)modR. (39)

The following traverse order has no memory conflicts. See section 6 for the processor’s description.
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0 _ n-; . |:k1|:| O
g:—o, %n_l,...,kzﬁzizlkl ﬁnodr +EFE+ ZElemodr)H
g

Ep< c< g‘rﬂa [K1s oo kg, (Ko + k) modr]

0 Kpnrg (1 Ky [
Hsc<n—], %(n_l,...,kn_cﬂ,[kn_cmodr,g%%%mrgmodr,B%%

To(k®) = %
é Kn-c-2: K2, Ky c—1a%¥kg(ko +kn1) modZ% (40)
=n-1, [kn 0y er Ko,
%Z,”;kl . |<él kMo dZDEk modq E( Lk %nodZ%ﬂodr % mod2q,5r%
KE =Ky greonr Kosgs Kooy oo Ko » (41)
Kmrg = (ke mod(2 @) E% +%. (42)

h+10
Proof: Notice that write before read conflicts are impossible for in-place stages (numbered 0.. ET H’ 1)

Consider stage numbered 0. The bank assignment for butterfly executed at iteration k;,_q,...,K; is:

mM(Ty(k%), ko) = 4%2 Eﬁ@ E&)E*ék’l 2(k,modr) + (ky +k,_)mod2.  (43)

Since the pipeline length is odd and subsequent butterflies have interleaving values of k; mod2, there

are no read/write conflicts.

Consider bank assignment for stage numbered ¢, where 0<c < éh—la

m(l (T, (k), k.)) = 2%2 Tk +2 %(komodZ). (44)

Subsequent butterflies have interleaving values of k, mod2. Since pipeline length is odd, there are no

read/write conflicts in stage c.

. . h+10
Consider bank assignment for stage numbered ¢, where <c<n-1:
onsi g [0) ge nu red c, w QTH_

n-c-1 0 |:kmrg m k- 0
m(l (T, (k®), k,)) = ZEZ k + ZI . C+lk +%<n_c modr,E,r—% %mrg modr,ﬁ%

H+ o Koy % ko mod2. (45)

Subsequent butterflies have interleaving values of ky mod2, so there are no read/write conflicts. By

. . - oo Kiyyrg [H .
replacing k,,_._; with %(mrg modr, kn-c mand Kn_c With [k,_ modr, 59 [the traverse order builds
O Hr H g or
size 2R butterfly batches covering all values of digits to be swapped by the reverse. Since the first and the
last butterflies originate from different size R batches, a pipeline delay of length 2R —p—1 is enough to
guarantee no write before read conflicts.
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Consider bank assignment for stage n— 1:

MKy, To-g (k")) = 4%2;:2 i+ Dk; @1‘1 + E(%Odq% %1mod2q, %%]/Z%
+ 2(ko mod2) + %n_l + @(1 mod2q, Sr;o%nodz. (46)

Subsequent butterflies have interleaving values of k, mod2, so there are no read/write conflicts. The
above proof of absence of write before read conflicts holds. m

HOBBIE AJITOPUTMBI /1711 KOHBEMEPHOI'O BBIYNCJIEHUSA BI1®
1O CMEIHAHHOMY OCHOBAHUIO BE3 KOITMPOBAHUSA
HA MHOI'OBAHKOBOW ITAMSATHU C ITPONU3BOJIBHBIM JIOCTYIIOM

AHHOTALUA

B cratbe paccmaTpuBaeTcs METO peanu3aliiy KoHBeriepHoro BerurcieHust BI1D mo cme-
IIIAHHOMY OCHOBAHHUIO HA MHOTOOAHKOBOH MaMSITH C IOTIOJTHUTEIbHBIMU OrpaHrueHusiMu. Ha
OCHOBE paCCMOTPEHHOT'O METO/Ia MPEIaraloTCsl HOBBIE aNMapaTHbIC ApXUTEKTYPhI BBIUHCIIC-
Hus BI1®. [TapannenbHOe BhIYKUCIEHUE «0a00UEK» B CTA/IUSAX C MEHBIIIUM OCHOBAHUEM I10-
3BOJISIET CYIIECTBEHHO YCKOPHUTH BBIYKCIICHUS ITO CMEIIIAHHOMY OCHOBaHMIO. ApXUTEKTYpa Ha
OCHOBE OTHOIIOPTOBOM MMaMSITH ITO3BOJISET PEATU30BATh HEKOIUPYIOLIYIO CTPATET IO BBIYKC-
JICHUIT Ha OMOJINOTEKAaX IIEMEHTOB 6€3 MHOTOITOPTOBOM MAMSITU, O0ECIIeunBast YMEHBIIICHUE
UCIIOJTb3yeMoli mamsITu B 2 paza. CaMoyrnopsIounBaroIias apXUTEKTypa TO3BOJISET UCTIONb-
30BaTh [IEPEKPHIBAIOIINECS ONIEPALIMHU 3aTrPY3KU U BBITPY3KH JJAHHBIX, 00eCIeunBasi yMeHb-
IeHUe 3aepKKU BerauciieHni 10 30%. Takoke paccMaTpUBaeTCst apXUTEKTYpa, KOMOUHUPY-
ro1ast 00a 3TUX CBOMCTBA.

KmoueBnie cioBa: xonsetieproe BITD, BIT® nmo cmemanHOMY OCHOBAaHHUIO, HEKOTTHPY-
rotiee BIID, camoynopsinounBaroieecs: bI1O.
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